STABLE MANIFOLDS FOR ALL MONIC SUPERCRITICAL NLS IN ONE DIMENSION 
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1. Introduction 

We consider the NLS 

(1.1) idttp + d^tp = -ItPl^^i^ 

on the hnc M with cr > 2. This is exactly the L^-supercritical case and these equations are locally well-posed 
in H^{R) = W^''^{R). Let = </)(•, a) be the ground state of 

(1.2) -0" + a20^02.+i^ 

By this we mean that cj) > and (j> € C^(]R). It is a classical fact that such solutions exist and are unique. In 
fact, for the case a — 1 the solutions are 



cosh'' (ax) 



whereas for general a > they are obtained from this solution by rescaling: (t>{x, a) = a" (l){ax, 1). 

Clearly, the standing wave ijj = e'*" <j) solves ()1.1|) . We seek an iJ^-solution ^ of the form ip — W + R 
where 

(1.3) Wit, x) = e'^(*'^V(a; - 2/(0, a(0) 

(1.4) 9{t,x)^v{t)x- [ {v{s)^ -a^{s))ds + -f{t) 

Jo 

(1.5) y{t) = 2 / v{s)ds + D{t) 







is the usual standing wave with a moving set of parameters 7r(i) := (■^{t),v{t), D{t),a{t)), and i? is a small 
perturbation. Performing a Galilei transform, we may assume that W{0,x) — (j){x,a). 

Theorem 1.1. Fix any a > 2 in (11.11) and any an > 0. Let S := {/ G L'^(R) \ |||/||| < oo} where^ 

iii/iii ■■=\\f\\m + mf\\L^nL'^ + md.f\\L^ 

and set 

(1.6) B := {Ro e I |||i?o||| < s} 

Then there exist a real-linear subspace 5 C S o/ co-dimension five and a small S > with the following 
properties: there exists a map $ : S n 5 — > E such that 

(1-7) lll*(i?o)||| < |||i?o||P VRoeBnS 

(1.8) |||$(i?o)-*(i?o)||| <5|||i?o-i?o||| yRo,RoeBnS 



The first author was partially supported by NSF grant DMS-0401177 and the second author by the NSF grant DMS-0300081 
and a Sloan fellowship. The authors wish to thank Fritz Gesztesy for pointing out reference IFlul and helpful comments on 
cosh~^(x) potentials. 

"'^The weight {x) in the definition of ||| ■ ||| can be relaxed to (a;) 2+*^, but we keep it in this form for aesthetic purposes 
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and so that for any Ro G B D S the NLS has a global solution for t >{) with initial condition 

^(0) = (/)(•, ao) + ^0 + ^'(^o)- Moreover, 

i,{t) = W{t, •) + R{t) 

where W as in p. 31) is governed by a path ■n{t) of parameters which converges to some terminal vector 7r(oo) 
such that supj>o |7r(i) — 7r(oo)| < 5"^ and so that 

(1-9) \\R{t)\\m<5, PWIloo <<5(<)-^ \\{x-y{t))-'^-^R{t)\\^<5{t)-^-' 

for all t > and some e > 0. The solution tpit) unique amongst all solutions with these initial data and 
satisfying the above decay assumptions as well as certain orthogonality relations and decay assumptions on 
the path (which will be specified later). Finally, there is scattering: 

R{t) = e**^'/o + 0^2 (1) ast^oo 

for some fo G 

It is well-known that the supercritical equation is orbitally unstable^ see Berestycki and Cazenave [BerCazj . 
This is in contrast to the orbital stability of the subcritical equations that was proved by Cazenave and Li- 
ons [CazLioj and Weinstein |Weil| . |Wei2j . In fact, the instability result of Berestycki and Cazenave jBerCazj 
shows that one can have finite time blow-up for initial data tpQ = 4>{- , a) + Rq where i?o can be made arbi- 
trarily small in any reasonable norm. Theorem II . II states that we do have the same asymptotic stability and 
scattering as in the subcritical case, provided we choose our initial data on a suitable submanifold. 

To understand the origin of S, we associate with each a > the matrix operator 

-a2 + a2-(a + l)02^(.,a) -acjy''- {■,a) 



(1-10) n^nia)^ -''^^.Xr r ^-'"^ .2_,2^._...2.. 



2,2/ 



X 



This operator arises by linearizing the NLS Hl.l|l around a standing wave. It is closed on the domain W 
VF2'2(R) and its spectrum has the following form: It is located on R U iK, with essential spectrum equal to 
(— oo, — a^] U \o?,(xi). The discrete spectrum equals {0, ±j7(a)}, where 7(a) = ck^7(l) > 0. Both ±27(0) 
are simple eigenvalues with exponentially decaying eigenfunctions, whereas is an eigenvalue of geometric 
multiplicity two and algebraic multiplicity four (the latter fact goes back to Weinstein jWeilj ). 
Next, we introduce the Riesz projection P^ia) such that 

spec(H(a)F+(a))-{0}U{z7(a)}. 

The notation P+ is meant to indicate the unstable modes as t ^ +00. The real-linear, finite-codimensional 
subspace S above is precisely the set of i?o G S so that^ 

(1.11) P+(«o)('J') -0. 



R 



The codimension of S is the number of unstable (or non-decaying) modes of the linearization as t — > 00: four 
in the root space and one exponentially unstable mode. The stable manifold M. is the surface described by the 
parameterization i?o '-^ ^0 + *i'(^o) where i?o belongs to a small ball BV\S inside of S. The inequality Ijl.Tfl 
means that S is the tangent space to M. at zero, whereas (|1.8f) expresses that M. is given in terms of a 
Lipschitz parameterization. It is easy to see that it also the graph of a Lipschitz map $ : 5 n S — > E. Indeed, 
define $ as 

i?o + P5*(i?o)^i?o + $(i?o), 
where Ps is the projection onto S which is induced by the Riesz-projection / — P+(ao) (the latter operates 
on I? X L? , whereas we need only the first coordinate of this projection, see Remark l9 . 51 below for the details 
of this). The left-hand side is clearly in S. Moreover, to see that this map is well-defined as well as Lipschitz, 
note that H1.8|l implies that 

(1 - CS)lRx - i?o||| < |||i?i - i?o + $(i?i) - $(i?o)||| < (1 + C8)\Rr - i?o||| 

(1 - Cb)\Rr - i?o||| < |||i?i - i?o + Ps^{Rx) - Ps'^{R^)\ < (1 + Cb)\Rx - i?o|||. 



^We will show below that P+ : S ^ S where S = { ( j^) : / 6 S}. 



STABLE MANIFOLDS FOR ALL MONIC SUPERCRITICAL NLS IN ONE DIMENSION 3 

Since the root-space of Ti{a) at zero does not destroy asymptotic stability or instability in the subcritical 
case, one would expect that the new unstable phenomena in the supercritical case should only be connected 
with the imaginary eigenvalues of 7i(a). More precisely, since we are considering t — > +00, they should result 
exclusively from the eigenvalue «7, where 7 > 0. Hence, the true codimension of our stable manifold should 
be one. In the following theorem we obtain such a stable hypersurface, by applying the three-parameter 
family of Galilei transforms together with scaling to the manifold A4 from Theorem 11.11 Since this family 
acts transversally to M, we recover four of the missing dimensions this way. 

Theorem 1.2. Fix any ao > 0. Then there exist a small S > and a Lipschitz manifold Af inside the space 
S of size^ 6 and codimension one so that </)(•, ap) G N" with the following property: for any choice of initial 
data tpi^) G A/" the NLS (jl.lfl has a global solution ipit) for t > 0. Moreover, 

m^w{t,-) + R{t) 

where W as in (11.31) is governed by a path 7r(f) of parameters so that |7r(0) — (0,0, 0, ao)] ^ S and which 
converges to some terminal vector 7r(oo) such that supt>Q |7r(<) — 7r(oo)| < (5^. The solution is unique under 
the same conditions as in the preceding theorem. Finally, l|1.9|l holds and there is scattering: 

R{t) = e'*^' /o + 0^2 (1) as t^ 00 

for some fo G L^(M). 

This result raises the interesting question of deciding the behavior of solutions with initial data (j){0) £ BXM. 
It is known that at least for some choices of such initial data the solution blows up, but the authors do not 
know what to expect in general. For related results, see the book by Li and Wiggins |LiWig| , the paper by 
Tsai and Yau TsaYau!, as well as the references there. 

Theorems O and O (but with unweighted norms) were first proved in three dimensions in |Sch| for the 
cubic focusing NLS, albeit under the assumption that there are no imbedded eigenvalues in the essential 
spectrum of the linearized operators. This paper is closely related to |Sch| . although it does differ in several 
important aspects. First, all spectral properties are proved here analytically, whereas |Sch| required verifying 
some spectral properties of the well-known pair of Schrodinger operators L_ and L_|- numerically, and the 
absence of imbedded eigenvalues for the systems remained as an assumption. Second, the (free) dispersive 
decay in one dimension is t^^, which is not integrable at infinity. This forces us to use an improved decay 
estimate which takes the form 

||(x)-ie^*(-^^+^)p,/||io.(R) < Ct-i\\{x)f\\L^iM) 

for scalar operators —d^ + V with no resonance at zero, see |Sch2) . Weaker forms of this result on L^(]R) 
and with higher weights were known, see Murata jMurj and jIjusPer| . However, due to the fact that we 
cover here the full supercritical range, we need to rely on this estimate (or interpolates of it) rather than 
any weaker version, albeit for non-self adjoint matrix operators rather than scalar operators. The transition 
from the scalar case (as in |Sch2j . say) to the matrix case requires a more sophisticated functional framework, 
which involves developing the scattering theory (i.e., Jost solutions) of these matrix Schrodinger operators as 
in |BusPer| . Since the estimates we require here are considerably sharper than the ones in Buslaev-Perelman, 
we carefully develop this framework, together with the necessary spectral theory in the second half of the 
paper. This part is of independent interest. As far as the nonlinear argument is concerned, the weights inside 
of our norms will force us to depart from the contraction procedure employed in |Schj , which takes place in a 
fixed Banach space, and use a method of iteration which adjusts the Banach space depending on the iterate. 
This issue here is that the weights need to be centered around a path yj{t). It is impossible to compare 
these norms for large t because these paths will then be separated by a distance exceeding one. This forces 
us to truncate at a time Tj which grows with j. This method, which is more involved then the contraction 
from jSch| . is of independent interest. 

Notation: whenever we use the symbol <, certain universal multiplicative constants are implied which do 
not depend on any varying parameters appearing in the proof. 

•^This means that J\f is the graph of a Lipschitz map with domain BClS where <S is a subspace of codimension one and with 
B as in 11.61 . 
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2. The linearization, Galilei transforms, and J'-invariance 

We begin by linearizing around the standing wave. 

Lemma 2.1. Let < T < oo. Assume that 7r(t) = {j{t),v{t), D(t), a(t)) : [0,T) R'' belongs to 
C^{[0,T),R'^), and let W = W{t,x) be as m Then i; € C([0, T), i/i(R)) n C^{[0,T),H-^ 

solves with xjj — W + R iff Z — (^) solves the equation 

^ . /-.Te*V(- - y, «)\ . /-e^'0(- - 2/> ") V . Y - y' ^ 4_ ■ n -e^'a,0(- - y, ") 

''Ue-'V(--j;,a)y ^U-^V(--J/,«)y ''W''^a„</)(--j;,a)y' ' l^_e-ea,0(- - y, a) 
+ + W) + \W\'^''W + (ct + l)|W^p'^i? + a\W\^^'^-^^W^R^ 

\R + W\^'^{R + W)~ \WY''W - (ct + \)\WY''R - ct|W^|2('^-i)M^2^ 
:= ii^d^W + A^(Z, M/^) 

in the sense of C{[0,T),H\R) x H^{R)) n Ci([0, T), i7-i(R) x H-^{R)). Here y and 9 are the functions 
from (|1.5() and (|1.4|l . one? a = a{t). For future reference, we denote the matrix operator on the left-hand side 
of (1231) by -Ti(Ti{t)), I.e., 

- (a + l)|W^|2- -a|W^|2(--i)W^2 

a|W^|2(--l)M^2 52^(^^i)|^|2 

T/ie nonlinear term in (|2.1(l . which we denote by N{Z,W) — (jv2(zlyj)' quadratic in R,R. This means 
that 

N{0, W) = aflA^(0, W) = (9;v A^(0, M^) = 0. 
Proof. It will be convenient to consider the more general NLS 
(2.3) idt^ + dli: = -Pm^)i,. 

Let (p — (p{-,a{t)) for ease of notation. Direct differentiation shows that W{t,x) satisfies 

idtW + dlW = -I3{\W\^)W - W{vx + 7) - ie^'^a^^^ • D + ie'^adact). 

Hence IF + i? is a solution of (|2.3() iff 

idtR + dlR = -(3{\W + R\'^){W + R) + I3{\W\'^)W - e*V(ra + 7) - ie'^d^cj) ■ D + ie''^ada<l). 

Joining this equation with its conjugate leads to the system 

92 + f3'{\W\^)\W\^ + I3{\W\^) I3'{\W\^)W^ 

-/3'(|W^|2)VK2 _ /3'(|VK|2)|W^|2 _ p{\W\^) 



(2-2) ^(7^(0) •- I _|TT/l2f£T-lUJ/2 a2 , , iMw|2<T 



''Ue-'V(--y,a)y' '^^{e-^o^{-~y,a)J ~^ '''{e-^'^d^(b{- ~ y,a)J - y, a) 

/-/3(|i? + VF|2)(i? + VF) + /3(|VF|2)1F + [(3'{\W\^)\W\^ + p{\W\^)]R + (3'{\W\'')W^R 
^ ' ' ^\ P{\R + W\'^)iR + W)- Pi\W\^)W - [/3'(|H/|2)|H/|2 + fi{\W\^)\R - fi'{\W\^)W'^R 

Conversely, if Z(fS) is of the form 

z(0) 



.^i(0)y 

and Z(t) solves (|2.4f) . then Z(t) remains of this form for all times. This is simply the statement that the 
system ()2.4|) is invariant under the transformation 

(2.5) J--f^Jf, - f ? i V / 



1 ; ' v/i. 

which can be checked by direct verification. This fact allows us to go back from the system to the scalar 
equation 1)2. 3|l . Finally, it is easy to see that the nonlinear term in H2.4fl is quadratic, and that (|2.4fl reduces 
to (EU if f3{u) = u" for aU u > 0. □ 
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Remark 2.2. Notice that we have the equahty 

\xe-^o<j>i-~y,a)J ^ \e-^'^ ~ y , a) J ^ ^e-»9„^(- - y, a);* l^_e-«9,</)(- - y, a) 

-(a; - y)e'V(- " «)^ , r • , • i " 2/' «) V ■ Y " ^' 

(x - 2/)e-^V(. - y, ^ ^ ""^^ ^-'Vl' " 2/, - y, a) 



+ iD 

Abusing notation, we shall later refer to this expression as iirdTrW, where 

TT := (7 + vy, V, D, a) 
The quantity tt shall play an important role in the argument to follow. 

The iJ-invariant vectors in L^(M) x L'^(R) form a real-linear subspace, namely 



-e''d^cj){--y,a) 
~e-''-'^d^(j){- - y, a) 



)morphic to the subs 
{(/D k''^' ^ ''''' real-valued}, 



Writing f = fi + j/2 it can be seen to be isomorphic to the subspace 



which is clearly linear, but only over M. Throughout the paper, we need to insure that all vectorial solutions 
we construct belong to this subspace. Only then is it possible to revert back to the scalar NLS Hl.l|l . 

To perform estimates, one needs to transform (|2.1|l to a resting frame. This requires certain properties of 
the path 7r(t). In the following definition, e > and S > are fixed small constants. 

Definition 2.3. Let T > 0, to be thought of as a large number'^ . We say that a path tt : [0,T] M* with 
Tr{t) :— {j(t),v{t), D(t),a(t)) is admissible provided it belongs to C"'^([0, r],R^),, and the estimate \'fr{t)\ < 
S'^{t)^'^^^ holds. Define a constant parameter vector tit = {jt,vt, Dt, ctr) o.s 

(2.5) 7T:=7(r) + 2/ / {v{s)v{s) ~ a{s)a{s)) ds dt 



JQ Jt 

(2.6) VT v{T) 

(2.7) Dt:^D{T)^2[ [ v{s)dsdt 

Jo Jt 

(2.8) ar ■= a{T) 

The logic behind these asymptotic parameters can be seen in the following lemma. 

Lemma 2.4. Suppose n is an admissible path and let 9,y and Or^yT be as in (|1.4|l . (|1.5|l . Furthermore, 
define 

(2.9) yrit) := 2tvT + Dt, Orit, x) := vtx - t{v'^ - a|) -I- jt 
and 

(2.10) prit, x) := 0{t, x + yr) ~ 0T{t, x + yr). 
Then 

\PT{t,x)\ < C.S^l + \x\){tr', \yit) - yTit)\ < C,5\t)-\ 

as well as 

(2.11) \pT{t.x)\<Ce5\l + \x\){t)-^-', \y{t)~yT{t)\<C,5^{t)-^-' 
for all t with T > t > 0. The constants here only depend on e. 



"^The logic here is that we are working on a large time interval [0,T], and are not concerned about what happens for times 
larger than T. In the iteration, we will adjust this parameter to the stage of the iteration we are at. Of course, T — > 00 in this 
process 
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Proof. First, 

(2.12) eTit,x + yT) = VTix + 2tvT + DT)+t{~v'^ + a^) +7t = t{-v'^ + a|) + wt(x + I^t) + 7r- 
In view of the definition of ttt, 

e{t,x + yT)-dT{t,x + yT)^v{t){x + 2tvT^DT)- [ {v{s)^ - (s)) ds + -f{t) 

Jo 

— vt{x + 2tvT + Dt) + t[v^ — a^) — ■fx 

= {v{t) - VT)ix + 2tvT + Dt) + 2 {vv - aa){s')ds' ds 

- JT + -f{t) - 2 {vv - aa){s')ds' ds 

= {v{t) ~ vt){x + 2tvT + Dt) - 2 [ [ {vi - aa){s) ds ds 

(2.13) _^(T)+7(i). 

Using Definition 12.31 implies the desired bound on px- As for y{t) — yrit), the definition of Dt imphes that 

(2.14) yT{t) - y{t) = 2tvT + Dt - 2 I v{s) ds - D{i) = D{T) - D{t) ~ 2 j [ ij{s')ds'ds, 

Jq Jt Js 

which imphes the stated estimate for < t < T. □ 

Remark 2.5. One has similar definitions and properties for tToo = (7oo , ^^oo , i'oo , Q^oo ) etc. One then replaces 
[0,T] by [0,oo). 

With ttt — i"fT 1 vt 1 Dt , ckt) a constant vector, define the usual Galilei transform to be 

(^2.15) 0T(t) — e^('''T+VTX-t\vT\'^) ^-ii2tVT+DT)p^ 

where p := —ij^- The action of QT{t) on functions is 

{QT{t)f){x) = e^(7T+«T.-t4)/(^ _ 2tvT - Dt). 

It is unitary on L^, and isometric on all L^, and the commutation property e**^^ 0t(O) = 0t(O6**^^ holds. 
The inverse of QT{t) is 

^2 15) — gi(2tUT + -DT)p g-i(7T+'JT2;-tu|,) _ ^-i(fT+VTDT+VTX + tv'^)^i(2tVT+DT)p 

Moreover, the Galilei transform H2.15|l generates a four-parameter family of standing waves: Let 0(-,aT) be 
the ground state of H1.2(l with a — aT- Then 

(2.17) WT{t,-) = 0T(t)[e^*"^0(-,aT)] 

solves Hl.l(l . where Wt is a standing wave as introduced in 1)1. 3|1 but with the constant parameter path ttt- 
This can also be written as 

WT{t,x) ^ e^'^^^'^mx - yT{t),aT), 

where yTj^T are as in Lemma [2.41 As usual, we transform 1)2.1(1 to a stationary frame by means of Galilei 
transforms. In addition, a modulation will be performed. The details are as follows. 

Lemma 2.6. Let 7r(<) and ttt be as in Definition \2.IA Given Z = (^j); introduce U , as well as MT{t),QT{t) 



(2-18) u(t)^[\^ )( -^;: ^ MT{t)gT{t)z{t) 



^u.T{t) \ /3T{t)-^Zi{t) 



g-iwT(t) 



0T(i)^i^2(i) 
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where LUrit) = —ta^. Then Z(t) solves (12.1(1 in the sense iff U — (|^^) as in H2.18|l satisfies the following 
PDE in the sense (with (j)T = 4>{-,aT)): 



(2.19) ^U{t)+[ + .2 ,/_?L2.^.,2 ]u = ^n^^WT{n)+NT{U,^) + VTU 



where 



(-) 9n\ V -V (f ^\ -( + 1)('^T (^) - '^"'(^ + yT- y)) <4>l'{^) - e^^f-4>^^{x + yT- y)) 

(2.21) ^i:^.Wri.) - v(;^' ^ f ^ " + + " 

V(a^ + yT)e-VT0(a; + yT-y)/ ' \e-'PT (t){x + yr - y) 

^\e-"frdc,(t){x + yT-y)) * V-e"'''^9:r<?!'(a; + yT-y) 

(2.22) iV.(t/,.):=^^-(^'-A_r^-(^>-) 



ViV2T(C^,^)/ V-A^lT(t/,^) 



iVir(C/,^) = -\Ui + e^''^0(x + - y)\''%Ui + e^''^0(x + - y)) + (t>{x + yr - yf^+^e'P^ 

+ {a + l)<j){x + yT- yf^Ui + <7(P{x + yT- yf''e^'P^U2. 

Here px — Prit, x) is as in Lemma \2.4\ and (j){x + yT — y)— (j){x + yx{t) — y{t),a{t)). Finally, Z is -invariant 
iff U is J' -invariant, and U is J' -invariant iff U (0) is -invariant. 

Proof. Throughout this proof we will adhere to the convention that (j) = (j){-,a(t)) whereas (fix = 4'{'t'^t))- 
Write the equation (|2.1|) for Z in the form 

(2.23) idtZ -UtZ = F + {n{-K{t))-nT)Z 

where 



(2.24) Ht 



see (|TT7|l and With Qrit) defined as in and with p = -id^, 

.d^ f^Mtr^fi\ f -{'^VTP+\vT?)QT{t)-^fl 

i-r^QT{t)f 



dt \lQT{ty^f2J \-{2vTp-\vTV)QT{t)-^f2{t) 

for any f ~ (/j)' Furthermore, 
(2.26) 

MT{t)gT{t)nT (^j^ 

2»--W \ (Hdl + (g + 1)01 ?) 9T(t)-V i ~ a0|?e^'^^(*-"+^^ ) flT(^)' V; 



e-*'^^^*) j i^cr^ff e-2»[eT(t,:i=+!yT)-(tkTP+«T(:;;+i?T)+7T)] 07,(t)-i/i + (92 + (ct + 1)01'^) Qrity^h 
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Now 

Orit, x + yr)- (t|wTp + vt{x + Dt) + It) = ta^x, 
see (|2.12|) . Hence, by the definition of Lu{t) (and dropping tlie argument t from AIt and Qt for simplicity), 



e^--m W -(92 + (a + 1)4-) \ 
^ ~ ' (0 j 1 ^^.e-^^-^ + (a + 1)^^^ j 



e"^^(*) \ / -|wTp - 2vTP 



Grf 



(9 97\ ( -dl-{a + \)<\>\- -a4>l^ ^AfTf ( -\vt? - '^VtP \Mrf 

(2-2^) = (, act^l^ dl + {<j + XWt ) ^^^^ \ \VT? - 2vTP ) 

Denote tfie first matrix operator in (|2.27() by TY^. Hence, in combination with H2.25|l one concludes from H2.23|l 
that 

iU = iMrpgrj^Z + iMrGrZ + MrGxT-iT + MtGt{F + (H(7r(i)) - T^t)^) 



~\vt\^ + 2vtP 



MtGtZ + MtGt{F + (7^(7r(i)) - Ht)^) 



It remains to compute the terms 

(2.28) iTid^Wri-K) + NriU, tt) = MTit)GT(t)F{t) 

(2.29) 1/t = MT(i)^T(i)(W(^(t)) - WT)eT(t)"'MT(i)"' 
In view of H2.1|l . one has 

:e~'^^ (j)[x ^ y) ) ^ \e^^^ cf){x — y) ^ 

f e^'da^^ix-y) \ / -e^^d^^ix-y) \ fN,iZ,W) 

Now 

e{t, x + vt)- {alt -^vt{x + Dt) + t\vT\^ + 7t) = 6'(i, a; + j/t) - OT{t, x + yr) PT{t, x), 
see (j?+^ and Lemma lO Thus, the first term of MtGtF is 

lujT \ /-(x + yT)e*''(*'"=+^^)e"'(*l"^l'+''^("^+-°^)+'^^)(/)(x + yT-2/)^ 
e-*'^^ j (a; + ?;T)e-*''(*'^+y^)e^(*l''^l'+''^(=^+-0T)+''T)(/)(2: + yT-y) 
-{x + yT)e'P^'-*'''^(j){x + yT~ yT 
(x + yT)e~'''^(*^^)(/)(x + yT~y), 

This gives the w term in H2.21|l . The other terms involving q;,7, and 13 are treated similarly, and we skip the 
details. The cubic term in H2.1|l is also easily transformed, and it leads to the nonlinear term Nt{U, 7r)in (|2.22() . 
We skip that calculation as well. Finally, it remains to transform 7i(7r(t)) — Ht- One has 

^ _ f (^ + l)(0r(--yT)-0^-(--y)) c7(e2^«-4-(--z/T)-e2''V''^(--y)) 

where (pT — </'(• ~ VTit), c^t), = 0(' — y(^)i ck(^)) for simplicity. It is easy to check that 

(a + l)(4-(x)-02'^(a; + 2/T-y)) 

6|f(x)-e-2^p.(/.2-(. + yT-2/)) * 



gT(i)(7^(^(<))-wr) = ( ,„w;:2..^' „:2.;.^2.r , ,1" )^t(<). 
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After conjugation by the matrix Mrit) this takes the desired form H2.2()|l and we are done. For the final 
statements concerning J^-invariance, observe first that the transformation H2.18(l from Z to U preserves J^- 
invariance. Second, the equation (|2.19|) is j/-invariant, which shows that it suffices to assume the j7-invariance 
of U{0) to guarantee it for all t > 0. To check the J^-invariance of H2.19|) . note that the right-hand side of H2.19|l 
transforms like 

J[i7rd^WT{TT)+NT{U,Tr) + VTU] = -[iTrd^WriTr) + NT{JU,Tr) + VtJU], 
while the left-hand side transforms as follows: 

Combining these statements yields the desired J^-invariance of H2.19|l . □ 

Next, we state a standard bound on the nonlinearity Nt{U, tt). 
Lemma 2.7. The nonlinearity Nt{U,tt) from (I2.22() satisfies 

\Nt{U, 7r){x, t)\ < C{\U{x, + \U{x, t)\^cl,'^-' {x + yr ~ y)) 

for all X, t G M. Furthermore, 

Id^NriU, 7r)(x, t)\ < C{\U{x, i)^^ + \U{x, t^^^-^x + yr ~ y)) \d,.U{x, t)\ 

+ C(|t/(x,<)p-+i + |[/(x,t)|V"-i(x-Kj/T-y)). 

C here only depends on a . 
Proof. Let 

F{z, w) := -|z wf^iyz + w)^- \w\^''w + (ct + \)\wf''z + cf\w\^^''-^'^ w^z 
for all z, u; e C. Then F(0, w) = as well as a^F(0, w) = 5ji^(0, vS) = 0. Hence, 

sup <C(|zp"+i + |z|2). 

I«'l=i 

Rescaling implies that 

\F{z,w)\<C{\zf^^^ ^\z\^\w\^^~^). 
As for the second statement, we use the bound 

sup {\d,F{z,w)\ -f \d-,F{z,w)\) < C{\z\"' + |z|), 

\w\ = l 

as well as 

sup {\d^F{z,w)\ -t- \d^F{z,w)\) < + 

\w\ = l 

Via the homogeneity, for all w 0, 

\d,F{z,w)\ + \d,F{z,w)\ < -I- \z\\w\'-~'), 

\d^F{z,w)\ + \d^F{z,w)\ < + 
Thus, if z = z{x) and w ~ w{x), then 

\d,F{z{x),w{x))\ < + + \z\^\w\''^--^^)\w^\, 

which implies that 

\d,NT{U, 7r)(x, t)\ < C{\U{x, + \U{x, t)\cl,''^-\x + yr - y)) \d^U{x, t)\ 

+ C{\U{x, t)\'^+' + \U{x, t)U'^~\x + yT- y)) '^^f" + ^^'f' . 

nx + yr- y) 

Since \\dx(t>/ ipWoo < C, the lemma follows. □ 
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3. The linearized problem and the root spaces at zero 



Recall that (f> = </>(•, a) is the ground state of ~d^(f> + a (p = + . Define 



(3-1) ^(") — I „j,2a a2 , , ,\j,2a „.2 



Hence the matrix operator on the left-hand side of (|2.19l) is equal to —Hiar), i.e., H2.19|l can be rewritten as 

idtU - n{aT)U = md^WTiir) + Nt{U, tt) + VtU or idtU - Hritp = ind^Wri-K) + Nt{U, tt), 

where Hrit) ■.^H{aT) + Vrit). 

In order to prove estimates on H2.19|l . we will need to have precise control on the evolution e**^("). Sec- 
tions EHHl deal with this issue. In particular, in Proposition 19.21 it is shown that the the essential spectrum 
of 7i(a) equals (— oo,— a^] U [a^,oo), and that the discrete spectrum equals {0,±i7(a)} with 7 — j{a) > 0. 
Here is an eigenvalue of geometric multiplicity two and algebraic multiplicity four, whereas both ±ij are 
simple eigenvalues (we are dealing with the supercritical case tr > 2). In fact, Ti{a)f^{a) — zLijf^{a) 
where /^(a) are exponentially decaying by an adaptation of Agmon's argument, see |Sch| . and similarly 
7i(a)*/*(a) = =Fi7/*(a) (cf. also CoroUarv 19 . 31 below) . In |Weil| . Weinstein showed that the root spaces 

00 00 
(3.2) ^^[j ker(7^(a)"), A^* = |J ker((H(a)*)") 

n—1 n=l 

of Ti{a) and 7Y*(a), respectively, are (with = 0(-,ct)) 

,3.3, ^^^H^-{(:t)'G:)'G:)'(":)} 

In particular, in H3.2() the kernels are the same starting with n = 2. Let Pd be the Riesz projection onto the 
discrete spectrum, i.e., 

Pd^T^ lizi-ny^dz 

where 7 is a simple closed curve that encloses the entire discrete spectrum of Ti and lies within the resolvent 
set. Moreover, define Pg = I — Pd ("s" here stands for "stable"). In Lemma [9.41 below we show that there is 
the direct but not necessarily orthogonal splitting 

(3.5) L^{M) X l2(M) ==7V + span{/±(a)} + (a/"* + span{/±(a)})^. 

Moreover, Pg is exactly the projection onto the orthogonal complement on the right-hand side with kernel 
equal to the sum of the first two terms, i.e., it is the projection onto the orthogonal complement which is 
induced by this splitting. 

The main estimates on e^^'^Pg are as follows, see Sections I6I8I 

. sup, We-'^Psfh < C\\fh and sup, \\e-*^Psf\\m < C\\f\\m 

• \\{x)e^'''Psfh<Cmf\\Hi + \\{x)f\\2) 

• ||(a;)-''e'*«P,/||oo < for all < < 1. 

In order to apply these estimates to (|2.19() . we need to project U onto Ran(Pg)- Following common practice, 
see Soffer, Weinstein SofWeil , SofWei2 , and Buslaev, Perelman jBusPerj . we will make an appropriate 
choice of the path 7r(t) in order to insure that U{t) is perpendicular to A/"*. However, for technical reasons it 
is necessary to impose an orthogonality condition onto a time- dependent family of functions rather than A/"* 
itself. We introduce this family in the following definition. In view of Lemma 12.41 it approaches Af* in the 
limit t —I- T. 
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Definition 3.1. Assume that tt is an admissible path and let y, be as in 1)1. 5|l . (11.4(1 . yr, 0t as in ((2.9|l . and 

PT as in (|2.10(l . With these functions, define^ 

X ^ ( + (2/T - V){t),a{t)) \ ~ ^ f le^^- d^cj^i- + {yr - ym,a{t)) 

{e-^PT^(^. + (y^-y)^t),a{t)))' ^'^>- {-ie-^PTO^ct>{- + {yT-ym,a{t)) 
? ^ f e'''^ix+iyT~y){tm- + {yT-ym,a{t))\ ~ ^ f te^P-dM- + iyT-y)(.t),a{t)) 

We similarly introduce the notation 

/ e^«(*.-)^(. ^ y{t),a{t)) \ . f *e^^(*.-)a„0(. - y{t),a{t)) 

^ ■ ye-^9{t,x)^(^. _ y ' «U • l^_,e-«e(*:-)a„0(. - y{t),a{t)) 

^ ■ Ve-»e(*.-)(x - y{tm- - y{t), a{t)) J ' '^^^ > ' {-^e~^eit..)^^^^. _ y^t), a{t)) 
We also introduce other families {fjj}'j^i and by 

(3-6) ''^^ ( 0* i ) ' " ( 0* i ) ' -^"^ ""^y 1 < i < 4. 

By inspection, J^^j ~ ^j, J^^j = for 1 < j < 4 and we chose fjj, rjj in such a way that i/?7j = fjj, J^rjj — rjj 
for each j. Clearly, while the ^j, £,j correspond to H* , the fjj, rjj correspond to 7i, see ((3.3|l and ((3.4|l . Next, 
we modify the 7 parameter. 

Lemma 3.2. Let Tr(t) be an admissible path as in Definition \2.!A Set 
(3.7) ^{t):=^{t)+v{t)y{t) 
and 7(0) :— 0, i.e., 

lit) ■= / 7(s) +vis)y{s) ds. 
Jo 

Then the function Trd-^WTiT^) on the right-hand side of (I2.19() satisfies 

TrdTrWriTr) — —Dfji — vfjs + afj2 — jfji 
where the functions are as in ((3.6|l . Similarly, we have (see ()2.1|l ) 

■ndTrW = —Di]4 — vrjs + ar]2 — 7771 
Proof. By inspection. □ 
The following lemma records some useful facts about the two families in Definition 13. II 

Lemma 3.3. Let (p = (/){■, a{t)) be the ground state of (|1.2|l and let and {fij}j^i be as in Definition \3.1\ 

Then 

iii^Vj) = '^{da4', «/j = 2 and = else, 
(6,%) = -2((9q0, (/)) ifj = 1 and = else, 
(6, = -(</', 0) if 3 "^-^ and = else, 
i^i^Vj) = (01 if j — 3 fl"''^ = else. 
Here = 2(9^0, = (2f7-i - l)a-^m 

Proof. A simple calculation. □ 



^This notation is a bit inaccurate, since depends on both T and the path tt chosen. We will later explicitly denote the path 
dependence by ^f(7r), and imply a time T explicitly chosen for each path tt. 



12 J. KRIEGER, W. SCHLAG 

We can now derive the usual modulation equations for the admissible path tt under the orthogonality 
condition 

(3.8) {U{t),i,{t))=0 
for alH > 0, 1 < j < 4. 

Lemma 3.4. Assume that tt is an admissible path and that U is an solution of (I2.19|l with an initial con- 
dition U{0) which satisfies the orthogonality condition (13.8(1 at time t — 0. Then U satisfies the orthogonality 
assumptions (|3.8|l for all times iff tt satisfies the following modulation equations (with (p — (j){-,a{t))) 

d{2a-' ~ l)a-'|l<^||^ - + 2/T - y)) + {iNt{U, Tr),^^) 

^(2a-i - l)a-'\ml = {U,^S2{. + yT ~ y)) + (»A^t(!7, 6) 

DUWl = ([/, ^Ss{. + yT~ y)) + {iNt{U, h) 

-vUWl - {U^Si{. + yT - y)) + {tNTiU,7r),a). 

In these formulae we denote by nSi{. + yT — y) a linear combination of four rapidly decaying smooth functions 
with coefficients tt and centered at {yr — y)it)- The right-hand side is real-valued, consisting of scalar products 
of -invariant vectors. We denote (as before) TT{t) — (■^{t),v{t), D{t),a{t)). 

Proof. The orthogonality conditions 13.8|l are equivalent to the conditions {Z,^^) ^ 0, £ ~ 1,2,3,4. Observe 
that assuming this, we have an equality of the form 

for suitable rapidly decaying functions Si{-). More precisely, without assuming the orthogonality, we have for 
suitable e C 

{[idt - n{7Tit))]Z,^i) - {Z,^Se{. - ym + MZ,^e) + idt{Z,ie) 
The statement of the lemma follows from this, the fact that solutions to first order linear ODE vanish 
identically if they vanish at one point, and the preceding lemmata. □ 

Remark 3.5. The proof reveals that one may cast this system in the Z-picture schematically as follows: 

(*^a.W^(7r),C£(7r)) = - (A^(Z, ^), 

Equivalently, in the [/-picture, this can be written 

- {U{t),ifrSe{. + yT~y){t)) ~ {NriU^Tr), ^t)) 
4. Constructing the solution: The iteration scheme 

According to Lemma [2.11 in order to solve the NLS 1(1. 1() with -(/'(t) = W{t) + R{t), we need to find an 
admissible path 7r(i) as well as a function 

Z e C([0, oo), H\R) X H\R)) n C\[0, oo), iJ-i(R) x H-\R)) 

so that Z{t) is J^-invariant and such that {TT{t), Z(t)) together satisfy (|2.1|) . This will be accomplished by 
means of an iteration argument. To explain it, we will need to deal with several paths simultaneously. 
Therefore, our notations will need to indicate relative to which paths Galilei transforms, root spaces, etc. are 
defined. For example, fj'r(7r)(t) will mean the (vector) Galilei transform from H2.18|l defined in terms of tt, and 
{^j{'^){'t)}j=i '^ill be the set of functions from Definition 13 . II which are obtained from tt together with a time 
T specified explicitly in conjunction with tt. The iteration scheme is based on the linearized equation (|2.1|) . 
In principle, we want a suitable bounded subset of some Banach space X^,, containing {Z, tt) (defined globally 
in time), such that given some (^(o),z(o))eX, with = , we can solve for 

^dtZ(t)+^ _^^2(^(0)) _52_(^ + i)|^(^(o))|2 jZ{t)^tTrd.W(TT )+N{Z ,t: ). 

The vector tt is determined by means of the modulation equations. The initial datum Z{0) should be chosen 
in such a fashion that the solution Z{t) does not grow in time, i. e., such that the exponentially growing mode 
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remain controlled, see below. The initial datum 7r(0) is a fixed constant. Then we need to show that {Z,Tr) 
again lies in the same subset of X^, . Unfortunately, this straightforward approach runs into severe difficulties 
due to the fact that our norms (defining the underlying Banach space) contain weights centered around the 
usual y-curve determined by the path Tr*^"-*, and tt diverges from tt*^"^ at infinity, leading to an incompatible 
norm. In particular, there is no absolute X* we can work with, but only relative versions of the form X*(7r(0)), 
depending on the given path. Our way out of this consists in adapting the time intervals on which the iterates 
are constructed. More precisely, we shall solve the above equation on progressively longer intervals, which are 
chosen in such a fashion that the paths differ very little on them. In particular, the weighted norms are all 
compatible on such intervals. The details of the iterative construction are rather involved and we now present 
them: 

Definition 4.1. We let be the subset of the function space: 

X {(7r,C/) G Lip([0,oo),R'*) x [L°°((0, oo), x iji(R)) n Lj^^((0, oo), F x Y)] \ 

^(0) = (ao, 0,0,0)} 

where 1" = {/ G H^{M.) \ {x)f G L^, dxf G i''(R)} for a very large number^ q, for which the following norm 
is < oo: 

(4.1) ||(^,C/)||x. sup {(t)2+'^[|d(t)| + |i,(t)| + 1^(01 + |I)(t)|] + ||C/(t)||2 + ||a.C/(t)||2 

0<t<oo 

+ snp {t)-'\\{x)'Uit)\\2+ sup {t)i+'\\{x)-<'U{t)\\^ + {t)'+'\\{xri-^'dxU{t)\\A 
o<e<i o<e<i+e 

We define X^([0,T]) analogously, replacing oo by T. We also introduce time-localized versions of this norm, 
as follows: 

ll(^,C/)|U.([o,T]) _ inf m,U)\\x, 

In the last line, {t^,U) are to be in X. Finally, we introduce {{{n, Z)\\-^ {ttW)- '^^^ definition of the latter is 
the same as for ||.||x*; except that we replace (x) be (x — y^^\t)) . Here the quantity y^^\t) is given by (|1.5|l 
with respect to the path tt^*^^ . Time-localized versions of this norm are defined as before. 

With the norm l|4.1|l the space X■^, becomes a Banach space. With these tools we can now detail the 
iterative step and the a priori estimates: we shall again use the notation 

TT = (7, v, D, d), 7 = 7 + 

Also, we shall use the notation 

w{t) = [ S-(s)ds + (0,0,0, ao). 
Jo 

Theorem 4.2. Let Ti ~ i -\- S^^ , where S > is as in the preceding definition, i G Z>o. There exists Sq > 
such that if < 6 < Sq , there exist positive numbers A, C with the following properties: Assume that for i > 1, 
we are given (tt*-^-* , Z'-^-') G X^{[0,Ti]), < j < i — 1, all Z^^^ J' -invariant, with the properties 

\\i^'^Z^'^)\\x.i.u-^yK[om < C5, max T, sup |^(^) - ^r(-'"-i)|(i) < A 

Also, assume that Z^^' is constant past time t — Tj, and that n^^^ is a straight line past t = Tj. Then given 
Ro as in Theorem there exists a canonical procedure for determining -invariant initial dataJ Z^^^ (0) 

^It will be seen that g — » 00 as cr ^ 2. 

^of course, these initial data are not just close to [ ) , but uniquely defined perturbation thereof 
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satisfying (Z^*' (0), ^^(tt^'"-'^))) = 0, such that the following conclusion applies: the combined system 
.rl 7^)(f\4-( 92 + (a + l)|iy(7r(-i))|2- a|M/|2-2(^(.-i))Vt/2(^(.-i)) X 

(4.2) Z«(t)|,=o = ^(*^(0) 

(z7rW9^Ty(7r(-i)),e,(^(-i))) = (ZW(t), z^(-i)5,(7r(-i))(t)) - (7V(Z(-i),^(-i)),6(^(*-^ni))>, 
7r«(0) = (0,0,0,ao) 
has a solution on [0, T!j] satisfying the inequalities 

(4.3) ||(7rW,Z«)||^^(^<,_„)([o^^^])<C<5,r, sup - *(-i)|(t) < A 

te[o,Ti] 

Also, Z*^*) is -invariant, and 6 can he made small independently of A,C. 

In light of the theorem, we can make the foUowing 

Definition 4.3. Let (5o > 0, A, C he as in the preceding theorem. The iterates Z^'^ are defined as follows: put 

, TT^"^ := (ofQ, 0,0,0). Then determine (Z'^*\ tt^*)), i > 1 from the preceding theorem: given 

(7r(°), Z(°)), . . . , (7r(*-i\ Z(*-i)), one constructs (tt*') , Z^')) on [0, T,] and extends Z^*) fte^/onrf T, as a constant, 
and TT^*^ as a straight line. 

We now prove the theorem. 

Proof. In order to avoid confusion, we shaU stick to the following conventions: we let ^^(Tr'*)) etc. denote the 

functions defined in Definition 13. II with the translations (j/t — y)(t) replaced by (y^,-* — y'"^^){t) etc. and time 
Ti as above. Also, we denote the basis of the root space of the operator 

/ A + (a + l)0(x,4-'^)2--(4."^')2 c7,/.(x,a^-'')2'' 



^.~'^)2- -A - (a + l)0(a;, 4.-^^)2- + (4-^^)^ 



by fjt{a^^, ^■'), and let eigenvectors corresponding to the imaginary eigenvalues ±17(0;^. '^^) be /*(a^. ^^), 
both of which are chosen to be J^-invariant. We shall make the following ansatz for Z*^*^(0): 

(4.4) Z«(G)= ( ) +/.W/+(a^^))+^af^(a^^)), /.W, „ W e R 

As stated in the theorem, we want this to satisfy the orthogonality relations 

(zW(0),6(7r('-i)(0))) -0. 

The assumptions in the theorem imply in particular that |%(q:^. ^■') ~ v{<^o)\ ^ 5- This entails that for 5 
sufficiently small, we may uniquely solve the system 

( ( £ ) +^^'''/-^(4"'VE«?%(4r'^^^(-^^-^Ho))) = 

for the a^'\ for given G R and fixed i?o as in Theorem 11.11 Moreover, the fact that both ?7j(a^. ^^), 
C£(7r(*-i)(0)) are invariant implies that aj*'(/i(*', 4"^^) G M for e R. We shall then determine /i^'^ 
in such a fashion that the corresponding solution Z('^(t) does not grow with time. In order to carry out 
estimates, we apply a Gauge transformation to H4.2|l . Specifically, we put 

[/W = MT.(7r(*-i))gT,(7r(*-i))Z('), 
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where we have 



e" 



eT.(7r('-i))(<,x) = 



^-ii'j'f'^'' d';^-^^ Wt^^^ x+t(v';^-^^f ) ^^^^ 

^-ii'y'f^^'' Wt^^'' d''^-^^ +v''^-^'^ x+t{v''^-^^ 



The notation here is the same as in Section|2] We apply the same procedure to the Z'^^\ thereby introducing 
quantities U'^^\ j < 1. Proceeding as in Section |21 we derive the foUowing equation in the gauged picture: 

Here Hin^'^^t)) is defined as H(7r('~^) (i)) with the path replaced by the straight fine path given 

by 2tvj., + Dj, . Written out, the following equation results: 

(4.5) 

We use the abbreviation (j)Ti = </>(•, a^"^^)' ^^^^ ^^"^ following: 



(4-6) . (.-1) 



(4.7) +(7« +w«y(*-i)) 



e^^-r ^(.+y(!-i)_y(-i)) 



. (.-1) 



+ y(;-i) - y(-i)) X / _e^4"'a,^(. + y^!"^) - yC-D) 



+ id^'M - (.-1) n - I . (,-1) ^, 



(4 8) Nr (U .(^-)) (^^tM-'-'')) . f 
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and we have 



(i-i) 



2- 



As can be seen from H4.7II . we need to define 
(4.9) 

and then, as usual, tt^*) = (7^*^ d'*^) and 7r^'^(0) = (0, 0,0, ao). As above, we will sometimes write 
TT^^-'c^TrWri (tt'-*^"'^-') instead of Tr^^'^STrWri (tt'*^"'^-') to emphasize that we are working with tt'^') rather than tt*^*) 
itself. 

We shall analyze (|4.5|l on the interval [0,Tj], and establish control over ||C^*-*''||js:,([o,Ti])i upon defining h 
suitably. More precisely, we shall establish the following 

Proposition 4.4. There exists a canonically determined value h{Ro, Z^''' such that with 

initial data (|4.4|l and the assumptions of Theorem \4.i^ we have for some universal constant Cq independent 
ofA,C 

\\i^^'\U^n\x,i[o,m < C'[{A + + + Co5 

This proposition allows us to retrieve the a priori bound on (tt*^*), J/*^*^), respectively (tt^*), ^^*-'); in order to 
establish Theorem l4.2l we still need to retrieve control over 



sup |7r«(0-7r(^-i)WI- 

0<t<Ti 



This follows from the next 



Proposition 4.5. Assume h is chosen as in the preceding theorem, and moreover A, C > I as above. Introduce 
the norm 

IIK^)IU,([o.T]):= sup sup [{t)-'\\Zit)\\L.+\\{x^y(^-'^{t))-Ozit)\\r^^] 

te[o,T] «e[o,T] 

Then we have the inequaliti^ 

< [A^CS + A^{CSf^]\\{n^'-^'> - ^(^-2)^ ^(^-1) _ Z^'~^^)\\y(^-i)^[o,t,_,^) + [1 + + 1)^{CS)^ + {CS)^'']T-^ 

Let us now assume that these two propositions hold. Then we can finish the proof Theorem 14.21 Observe 
that if we iterate the inequality of the second proposition, we get 

sup < [1 + {A+1)^{CS)^ + {CS)^^]T-^ 

te[o,Ti] 

+ A^[C5 + (CSfni^ + {A + 1)^{CS)^ + iCS)^^]Tr\ + ... 

+ [A^iCS + {CSf + {A + ifiCSf + {CSf'']To^ 
We conclude that if we choose A, Cq large enough and then S small enough, we can bound 

\\i^^^,u^H\x,ao,m < cs, T, sup < a, 

te[o,T,] 

which suffices to close the iteration. □ 

Thus we are left with proving the two propositions. This will be established by means of a sequence of 
estimates. 



^The statement here is far from optimal, but it is all that is needed to close the iteration. 
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Proof of Proposition \4-4\ We shall estimate the various parts constituting the norm ||(7r(*\ C^^*^)IU.([o,Ti])- We 
commence with the parts concerning [/^'^ We shall decompose C/^*^ into its dispersive, root, and hyperbolic 
part with respect to the operator 7i(a^. ^■'). Thus wc split 



~ '^dis ^ ^root ^ ^hyp 



and write 



We mean here that u'^^oM Pa{a'T~^^)U^'\ and [7/^'^]^^ = P±,^(a^~^^)C/('). The orthogonality condition 

(ZW,^f(7r(*~i))) = 0, ^ = 1,2,3,4, which is equivalent to ([/(*M^(7r(*-i))) = 0, implies an equation of the 
form 

Our a priori assumptions on tt''^^^ imply, upon choosing S small enough, that the 4x4 matrix with entries 
{fij{a^, ^'^), ie{T^^^~^^)) is nonsingular. In particular, we can deduce formulae aj — aj(t/^*^Qf, C/^'J^, 7r^*~^^). We 
feed this information back into H4.5(l . Then we specialize this equation to the dispersive and hyperbolic parts: 
for the dispersive part, we get 

,u\^},. (t) + + + - -4: ^ ^^i) 



= p, 
+ 



For the hyperbolic part, we need to get a condition on denoting the hyperbolic projection of the 

right-hand side of 14.5|l as 

5-(;7«,C/(^-i),^«,7r(^-i),7r(^-2)) J . 
we can formulate the system 

dt\bi^)-)^\ 7(4"'^) ; V.9- 

In order to control the growth of 6'*^+, we use the following lemma already used in |Schj 
Lemma 4.6. Consider the two-dimensional ODE 



xit)- Aax{t)= fit), x(0) = 



3^2(0) 



where / = (j^) G L°°([0, oo), C^) awd ylg = ^ q ^7 ) where 7 > 0. Then x{t) = remains bounded 

for all times iff 



(4.10) = a;i(0)+ / e-^*fi{t)dt. 
Moreover, in that case 

(4.11) xi{t) = - I e-(^-*)Vi(s)ds, X2{t)^e-*''X2{0)+ I e'^'-'^y2{s)ds. 
for all t > 0. 
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Proof. Clearly, xi{t) = e*Ta;i(0) + /„* e(*-^)''/i(s) and X2{t) = e-*Ta;2(0) + J* e'^*-"^'^ f2{s) ds. If 

lim e-*"'xi{t) = 0, 

t — >oo 

then = a;i(0)+ e~*^/i(s) ds, which is H4.1()|l . Conversely, if this holds, then xi{t) = — e*''' e~*^/i(s) ds, 
and the lemma is proved. □ 

Of course we are working on a finite time interval, but we use this lemma to motivate our choice of 6(')+(0), 
namely 

Jo 

We now claim that there is a unique choice of /i*^*-' for which we have 



This follows from the fact that due to our assumptions^, we have 



PUa'^-'^)\{gTA^'^'-'\o)) - 1) 



Ro 



0(<5), 



(4.12) 



O 



Indeed, the dependence of ft,'*^ on 6^''+(0) is linear. One also sees from the J^-invariance of /^(a^. ) as well 
as the root space representatives and the J^-invariance of the equations that is always real- valued, 

whence so is With this h'-'K we can then define 



U, 



Similarly, we can uniquely specify 6^*^ (0). Of course, solving for t/^*),, t^^^p is complicated by the fact that 
the unknowns are on both sides of the equations (and indeed also implicitly determine the initial data) . Thus 
we need to run a contraction argument to solve for them. Specifically, denoting 

in the sense just established, we introduce a map Ft^ (C/'*"^-', tt*^*^^^ , tt*^*"^^), which sends a given pair (tt*, U* ) 
satisfying the orthogonality relations 

(C/*,|,(7r(^-i))) =0, £-1,2,3,4 
into another one (satisfying the same orthogonality relations) (tt, U) as follows: 



iUdis{t) 



a^ + (a + l)02f _(a(!-i))2 



(4.13) 



(4.14) 



V -VT. - (a + l)02f + (a^-'^)2 ^ 

= Ps{4-^\ird.WTM'^^-^'^) + v^^-'\u:,, + c/,;^ + ;7;„„,(t/,*,„ uij) 

+ A^T,(MT._i(7r('"'^)aT._i(7r('"'^)aT._.(vr(^"'^)"'MT._.(7r(^"'^)"'C/''~'\^**~'^)] 
{/,..(0) = P,(4-^)){gT.(7r('-i)(0))[ ( ) +/i«([/,*,.,[/,*,,^ 



provided we choose 5 > small enough 
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(4.15) 



di[b- 



( (i-l) 



i\7r*,7r('-i),7r('-2)) 



(4.16) 

-(A^T,(MT._,(7r('-i))gT,_i(7r('-i))^T,_.(7r('-^))-iMT,_,(7r('-2))-iC/('-i),7r('-i)),e^(^ 

Here Si is from Lemma rOI Of course we have written Uhyp — b'^ f^{a^. ^'') + f~ {a^. ^■'), and this in addi- 
tion to Udis uniquely determines the root part Uroot, on account of the orthogonaUty relations {U, ^^(Tr'^*^^' )) — 
0, which we assume to hold. Our task is to find a fixed point for the affine map 

FT,iU'^'-^\7T^''^\7T^'~^^) : {7r*,U*)^ {Tr,U) 

In order to do this, we need to show that it is a contraction with respect to the norm ||.||j5(:,([o.Ti])- This 
will then (finally!) define the iterate (tt^*-', J/*^*') and thereby (undoing the Gauge) (tt^*' , Z'*^). Note the 
equations H4.13|) " H4.16|I can all be solved by integration in terms of the initial data and the right-hand sides. 
We shall show here that i^T, (J/^*"^' , tt^*"!) , tt^^-^)) sends the ball 

ll(7r,C/)IU4[o,T,]) < CoC'[iA + l)6]^ + C^-+'6^-+'+Co6^: MiA,C,Co.S) 

into itself, provided 6 is small enough in relation to A, C, Cq , and provided the latter quantities are large 
enough (relative to some absolute constant, and with Cq small enough in relation to C). The same estimates, 
upon considering a suitable difference equation, will establish the contraction property, as well as the inequality 
in Proposition ^31 

(A): Estimating ||C/c;is||Lj=°L2([o,Ti])- for this we use the fact that 



(i-i) 



\\Udts\\L'^ i[o, Ti]) < sup ||e**'"^"^. ''C^dis(0)||L2 + ||right-hand side of (jiT3I)||LiL2([o,Ti]) 

te[o,T,] 

We commence by estimating the various terms on the right-hand side of (|4.13|l : first, observe that 

where c^TrT^Ti (tt^.^^'') is the same as S^Wri (tt^*^^-*) with the path tt'*^^^ replaced by the straight line path 
TT^. ^\ see Definition 13. II Lemma [3.21 and Lemma [2.41 Therefore, by our assumptions on Tr^^^^\ we get 

||P,(a^.-^))[zr9^VFT,(^(^-^')]||LjL2([o,T.])<'5C[ sup {ty+^\r\] ^ {tr^'^dt 

te[Q,T,] Jo 

< C6M{A,C,Co,S) 

We have used the following simple 

Lemma 4.7. Under the assumptions of Proposition we have 

|a.w^T,(7r(^-i)) - d^WrM^'^m < as{ty' 

Proof. This follows from the definition of ^TrWr; (tt'-*"^'') (with y, yx replaced by y^^~^\ y!^ ^^), and the fact 
that 

\y^'-'\t) - yt'\t)\ < C5{t)-% \pT{t,x)\ < C,S\l + \x\){t)-- 
as follows from Lemma [2.41 □ 
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Next, using the definition of V^^~^^ in (|4.6|l . as well as the linear dependence of Uroot on Udis, Uhyp we get 

< C(5||(i)i+^(2:)-V*||L~ / " <t>-^-' dt<C5M{A,C,CQ,5) 

Jq 

We proceed to the last and most complicated term of the nonlinearity. To simplify notation, denote 
Thus we need to estimate ||^Ti(f^'*~"^\7r'*~"^')||iii2([o,Ti])- Using Lemma 1^71 we get 
We first estimate the contribution of the local term. We have 



L2 



Jo 

We have crudely bounded for t E [0, Ti] 

(4.17) sup{x)-^\U'^'~^^\{t,x) < (A+l)sup(a;)-^|[/(*-i)|(t,x) 

Finally, we need to estimate ||(t^'*~^'')^'^^^||LjL2([o,Ti])- This is straightforward, we have 

Note that the translations and phase functions distinguishing [/(*^^) from C/*^*^^^ are irrelevant here. One 
bounds the preceding by 

<CS j\-"\\tiu^'-'\t)\\l-^dt + CS j\\\d,U^'-'\t)\\^^^^ 

where we have used Sobolev's inequality in the last step. The expression can be bounded by < {Cd)'^°'^^. To 



finish the estimation of f/dis, we still need to handle the free contribution, i.e. supjgjQ j^.j jje**^^"^* 'Udis{0)\\Ll- 
For this we need to carefully keep track of the definition of UdisiO), which was 

i=i 

Recall that h'''\U*i^,U*yp,U'''-'^\7T^'-^\TT('-'^'^) depended linearly on b('^+{U*^^,U*yp,U^'-^\Tr^'-^\Tr^'-^'>), 
which in turn was given by the expression 

e-^("-r")*g+ (t/* , [/(^-i) , n* , ^(^-1) , ^(^-2) ) (t) dt, 

where g~^{...) is as in H4.15|l . But this part is estimated exactly like above (indeed, we have an extra exponen- 
tially decaying weight), and one winds up with the estimate 



Ti 



e 



g+ {U* , U^'-^'^ , TT* , TT^'-i) , 7r('-2) ) (t) dt 



< 



{A + l)iCS'f + (CS)^ + CSM{A, C, Co,S) 
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The fifth power here comes from 2a + I > 5. Keeping in mind the Unear dependence of the a^''' on h'-*\ and 
choosing Cq such that 



Ps(4"'')eT,(7r(^-i)(0)) 



Rn 



L2 A 



we get the estimate (for large A) 



\\Ud^sm\L- <^5 + Ci[{A + 1){CS)^ + {C6f + C6M{A, C, Co,S)] 

for suitable Ci. Using the approximate unitarity of the evolution e**^*^"^* acting Ps{a''^. we finally 

obtain 

\\Ud^s\\LrLlilo,m < j-d + C2[{A + l)(CSf + {Cdf + CSM(A,C,Co,d)] 

for suitable C2 (independent of all other constants) and large A, provided A was chosen large enough. 
(B): Estimating \\Uroot\\L-^ Liao,Ti]) + \\Uhyp\\L^ Ll([o,Ti])- To complete the estimate for WUWl-^ lI{ [o,t,]) , we 
still need to estimate the contributions from the hyperbolic and root part. For the former, we use H4.15|l . as 
well as the condition for 6^(0) and Lemma [4.61 which results in 

b+{t) = - r'e-^("-r'')(^-*)5+([/*, ^*,^(*-i),7r(^-2))(t)dt 



for all t e [0, Ti]. One can then bound this by the same kind of expression as \\Udis\\L="L'^{[Q.Ti])- Finally, 
the fact that Uroot depends linearly on Udis, Uhyp implies the same kind of bound for it. This completes 
estimating the ||.||icxj^2-contribution. 

(C) : The contribution of ||<9x?7||l°°l2 . Using CoroUarv 18.31 as well as the Duhamel parametrix, we see that 
we need to estimate 

I jSa: [right-hand side of (|4.13|l without the Ps\\\LlL^([id,Ti]) 

However, this follows from almost identical estimates. One simply substitutes \\{tY^^{x)~^~'^'^dxU\\i^<^i^i 
where before we used || (<)^+'^(x)~^C/||ic,oioo[o_Ti] • 

(D) : The contribution of supg<g<]^(t)^^|| (a;)^t/||i2 . This is treated just like the preceding cases, using the 
Duhamel formula in addition to Lemma 16.121 (more precisely, an interpolate of this and the approximate 
conservation). The details are very similar to previous calculations, and we skip them. 

(E) : Estimating the weighted norm \\{tY^'^ {x)~^Udis\\L'^ L°°{[i3,Ti])- Using Duhamel's formula as well as 
Lemma [8. 21 we see that we have"'^^ 

\\{x)-'Ud^s{t)\\L^ < ||(x)-«e**"(<"'[/<i..(0)|Uoo 
Jo 

+ f {t~ s)-i\\P4a'^-'^)[^r^^WTA7r'^^~'^) + V^^''\U*d,, + Ul^^ + (7;„<,,((7,*,„ UlJ) 

For the last integral expression, we have rather crudely discarded the weight {x)^^ , since this term turns 
out to be very small. We proceed as in case (A) by treating all the different terms. First, consider the first 



^^The s in Ps(ai^, stands for 'stable' and has nothing to do with the integration variable s. 
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integral expression on the right. We estimate for t e [0,Ti] 
U „\-i-eii/„\eD 



- 5) (x)''P, (4"'^ ) [*r 9, W't. (^(^~'' )] (s) lUi 







<C8 \ {t- s)-^-<'{s)-^-<'ds<C5M{A,C,CQ,5){t)-^-' 







< 



This is acceptable in light of the definition of ||.||x,([o,Ti])- We have used the fact that we may safely move 
the weight (x)^ past Ps(«t then discard it, due to the local nature of the expression. Next, we have 

<C5M{A,C,Cq,5) / {t- s)-^-'{s)-^-'ds<{t)-^-'C5M{A,C,CQ,5), 
Jo 

as desired. Next, we consider 
Jo 

As before, we move the weight past the operator Ps{a"j,, and discard the latter, obtaining the expression 

\t~ s)-^~^\\{xY[NTAU^^-^\^^''n{s)\\Ll ds 
We use Lemma 12.71 which implies 

\t - s)-'-'\\{xyNTAU^'-'\TT^'-'^){s)\\Lids 

' \t- s)-'-^-\\{xf[\m''-'\x, + |J7(-i)(x, + _ ds 



t-1 



< 



We treat each of the two summands separately. First, consider the local term. The weight is simply absorbed 
here, i.e., we can estimate 

\t - s)-^-^\\{xf\m^-^\x, s)\^cf,'^~\x + [y^-^^ - ds 

< f \t- s)-^-^\\{x)-'m^-^\x,s)\\L^\\U^'~'\x,s)\\L^\\{xf'^^^^^ 
Jo 

Again exploiting H4.17|l (actually, we only need to pay A here), we can bound this integral by 

< A{CS)^ / {t - sy^"{s)'ids < A{C5)^{t)-^-' 



Next, consider the nonlocal term. Here, we can no longer absorb the weights, and therefore need to carefully 
keep track of the exact powers. For this purpose, we assume (as we may) that 0<e<(T — 1 — 29. Using 
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Lemma [6.121 we get 
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{t - s)-^-^\\{xfm''-'\x,s)\'^+^L^ds 

< f \i-s)-i-'|l(x)«t/(^-i)(x,5)|U.|lC/(^"i)(x,s)|U.J|(7(^-i)(a;,s)||i-^^ 
Jo . . ^ 

l-t-i 



We have crudely bounded 

sup I {xfu'^'-^^ {x, s) I < A sup I {x)U^'-^'> {x, s) I 

We proceed to estimating the fringe integral over the interval [i — 1, i]. The estimate here is even simpler: we 
get 



t-i 



{t - s)-^ ||P.(a^"^^) [zr 5^VFT.(7r('-i))(s)] \\^, ds < CS{t)-^-'M{A, C, Co, S) 



Next, we have 
ft 



{t - sri\\P,{4-'^)[V^^-^\U^,, + C/L, + U:UU2^s, ULMs)]U^ds < CSM{A, C, Co,5){t)-' 



Of course we exploit here that 



\\{^r''U*\\Lr < {tr'-'M{A,C,Co,5) 



The remaining terms are more of the same and omitted^ ^. We still need to estimate the free contribution. 
First, note that for < i < 1 we have by Sobolev's inequality as well as the approximate unitarity of the free 
evolution, see Lemma 

The latter is estimated as in parts (A), (C). Next, assuming t > 1, we have (using Lemma FS .21) 



Using that 



+ ^ C/,V, 7r(-i), 7r(-^)), at'')%(4r'')] } 



This shows that first, the following term needs to be estimated: 



{x)'>P,{ai^-''^)gT,{7r^'-'\0)) 





< 




LI 



{x^GtAt^^'-'Ho)) 



Ro 



< 



e I Ro_ 
Ro 



which is majorized by ^5 for Co chosen sufficiently large and large A. The remaining terms constituting 
Udisifi)^ being local, are estimated similarly, in light of the earlier comments on etc. More precisely, 

one obtains 

\\{xYUdrsm\L^ < ^6 + CSMiA,C,Co,S) + C3[iA + l)iCS)^ + iC6f-+'] 
A 

for an absolute constant C3. We are done with (E). 

(F): The estimate for supQ^f^rp^{t)^^^'^\\{x)^^Uhyp\\L^ and supQ^f.^rp^{t)^^^'^\\{x)^^Uroot\\L^ ■ The estimate 



"'^"'^One has to be careful here, since the paths 7r(' ^',7r(* ^) diverge a bit more past time Ti—i =Ti — 1. Thus one needs to 
replace A by A + 1 . 
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follows once we establish it for Uhyp, on account of the linear dependence of Uroot on Udis^ Uhyp- To see it for 
Uhyp, use (recall the terminology from the beginning of the proof of Proposition I4.4|l 

b- (t) = e-*^^"^r")6- (0) + /* e^^"^r'')(^-*) g- iU* , [/(^-i) , n* , ^('"i) , ^(^"2) ) (t)dt 



The exponentially decaying weight accounts for the integrability of the integrands. But then the desired decay 
rate of {t)~^~'^ follows easily from the preceding estimates for g^{...). 

(G) : The estimate for supQ<:f<:j'.{t)~^~'^\\{x)~'!~^'^dxUdis{t)\\L%- This is handled by using Lemma in 
addition to the Duhamel's formula. One reduces to estimating the differentiated nonlinearity, which is handled 
just as before, using 

{t)-^-'\\{x)-^-^'dxUmLg instead of (t)-!-^ (x)-«a,C/(OIU- in some places. 

(H) : Estimating supQ<t<2-. (i)^+'^|7r|(t). For this we of course use (|4.1()|) . The following terms need to be 
estimated: 

Of course this estimate is rather crude, but it suffices for our purposes. Next, consider the expression 
(7V(C/(*-i)(t),7r(*-i'(i)),|<>(7r('-i)(t))). Using Lemma 1^ we reduce this to the following two estimates. It 
suffices to consider Ti> t > 1. 

(|^(^-i)(x,t)p</.2'^-i(a; + (4-^)-y(*-i))(t)),6(7r(-i)(t))) 
< {A + lf{{ty+'\\(x)-^U'^'-^^\l^{t)-^-^' < {iA + l)C6)^t)-^-' 

Finally we have controlled all the components constituting || (tt, [/)||x,([o,Ti]) ■ Gathering the preceding esti- 
mates from (A)-(H), we get 

II (tt, C/)|U.([o,t.]) <^5 + CSMiA, C, Co,S) + CsU + ifiCSy + {CSf-+'] 

for suitable large A (if we choose Cq large enough) and C3 an absolute constant. We conclude that if C is 
sufficiently large in relation to Co, C3, and S sufficiently small in relation to C, as well as Co sufficiently large 
in relation to C3, we get 

\\{7r,U)\\x,ao,m < M{A,C,Co,S), 

which establishes the a priori inequality we need. Since the contraction step follows along the same lines, 
the map FTi{U^'-'^\ n^''-'^\ n^'-'^'>) has a fixed point. This is the next iterate (Tr^'',;/^). This establishes 
Proposition ^31 D 

Proof of Proposition \4.5\ We need to analyze the difference equation at the level of the Z, which will be 
accomplished by transforming Z^^^ — Z^*"^^ into a suitable gauge, similarly to the preceding (note, however, 
that we need to consider the difference of the Z^*), since it is easy to see that the difference of the C/*^*^ cannot 
be controlled in a reasonable way). Starting from H4.2I) etc. we arrive at the following equations, valid on 
[0,T,_i]: 

zat(zW - z('-i)) - H(7r(*-i))(Z« - Z(*-i)) = [^^Wa^M^(7^(*-l)) - ift'-'-^^d^WiTr'^'-^'^)] 
^"^•"^^^ + [7V(Z(^-i\7r(*-i)) -iV(z('-^\7r(*-2))] ^ [H{Tr'''-^^) - H{7t'^'-^^)]Z'''-^^ 

_ = (Z«(i),i^(*-i)5K7r('-i))(t)) - (iV(Z(^-i),7r(^-i)),|^(7r('-i))(t))- 

((Z(^-l)(t),*^('-2)^^(^(»-2))(^)^_^^(^(,:-2)^^(»-2))^^~^(^(»-2))(^)^) 
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We commence by analyzing the first equation. Introduce the gauged quantity 
It satisfies the fohowing equation: 

Introduce the norm || (•, •)lly([o t]) li'^^ IK'j ■)lly(»)([o,T]) but with the weight (a; — j/^*^-^' (t)) replaced by {x). We 
estimate the various constituents of this norm. 

(A): The contribution from |l(i)~"'^t/^*s~"'^''|lLj»L2([o,Ti_i])- For t S [0,Ti„i], we shall use 

m-'U^iT'^mLl < (t>-'ll^r'^(0)IU^ + (t>-^||i^(a^'^ [left-hand side of i3Hl]llLjL^([o,t]) 
we need to estimate the following terms: 

As for the a priori estimates, we can estimate 

<CS sup r\t)-^-idt 
te[o,T,_i] Jo 

Moreover, we have for t e [0, 

<( sup (s2+^)|7t(*-i)|(s)) / (s)-i-ids sup 
se[o,T,_i] Jo se[o,T,„i] 

<C(5 sup (s)i+^|^(*-i) 
se[o,Ti_i] 

We have used the following simple 
Lemma 4.8. The following inequality holds 

sup \d^W{TT^'-^^){t)-d^W{Ti^'-^'^){t)\< sup (t)i+4|^r('-i)(0-7^^*"''WI 

tG[0,T,_i] ie[0,T,_i] 

Proof. Note that 97rW^(7r'^*~^^) consists precisely of the generalized root functions, translated by y''^~^^ and 
twisted by a phase e*^*' ^\ and similarly for 9TrW^(7r'^*~^)). But we have for t G [0,T,;_i] 

Jo 

< sup {s)^+-^\rM-^Hs)~v^'-^\s)\ + \D'^'-^\t)~ D^'-^\t)\ 
se[o,T,_i] 
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and similarly, we have 



+ \i^'-'Ht)-i^'-'Ht)\ 



< Iv^'-^^t) - v^'-^\t)\ \x\ + Ij^'-^Ht) - 7^'"'^ Wl 

+ sup (s)i+t[|i;(*-i)(s)-v(*-2)(s)| + |a(^-i)(s)-a(*-2)(s)|] 

s6[0,Ti_i] 

Of course the factor x gets absorbed because of the local nature of the term. Finally note that 

se[o,t] 

and the lemma follows. □ 
In order to estimate the second term in the nonlinearity, we use that 

Jo 

Now we have for t € [0, Tj_i] 

< [^CT + (C(5)2-] sup -Z(*-2)||i2(s) 
se[o,Ti_i] 

We have exploited that 

which follows from Lemma 12.71 Next, using reasoning as in the proof of Lemma 14.81 in combination with 
Lemma 12.71 we obtain 



se[o,t] 

We can further estimate this by 



0<s<l 



[sup (s)l+4|^(*-l' -^(*-2)|(^)]|^(^-2)(^)|2 g^p ^^^^^(,-1) _^(.-2)))(^) 

sG[0,t] 0<S<1 

2 



< 



sup -y(»-i)+s(y('-i)-y('-2)))(^) g^p | _ ^(^-2) |(^^ 

0<s<l 0<s<Ti-i 



and we bound this in turn by 



<{ACSy{t)-^-^ sup (s)i+5|7r 

0<.«i<Ti_i 



1+f _i('-2) 
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which can be comfortably integrated against t. Now we estimate the third term in the nonUnearity. Note 
that it is here that we are forced to use the extra weight {t)~^: 

L J LlLl[0,t] se[0,T,_i] 



One again uses a version of Lemma 14.81 Furthermore, we obtain 



<CS sup 

0<s<Ti_i 

Next, consider (i)"^||t/d-;'~^^(0)|iL2 . Note that 
Moreover, we have 

The conclusion is that 

Thus we need to estimate the difference /i^'^^^ — h^'^^^\ For this, we decompose f7(*''~i) with respect to the 
operator Ti{a^~^^): 

In other words, we have 

In particular, we have the identity 

fc=i fc 

In order to control the difference /i'*"^) — h^'^~^\ we need to control 6^*'*"^^'^+^ (0). Indeed, assume we control 
the latter. Then we have 

The conclusion is that 

<\pLi4;'^){MTA^'^'-'^mQTA^^'-'^)m 

On account of the a priori estimates established thus far, we conclude that 
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,(»-!) 



)Ua'T: ') (0) 



fc=i 



r^'-«r^)'?.(«r^^) (0) 



fc=i 

We use here that a{,* = aj^ ^\h^^^^\ a^~^^) etc. Also, we observe that"'^^ 



FinaUy, we observe that thanks to the a priori estimates thus far estabhshed 



4~f\<\4r]'-4~f\ + \^''^'^\< sup \n 

te[o,Ti_i] 



Putting all of these observations together, we get that 

and thus it suffices to estimate &+'^*'*^^'(0), as claimed earlier. To do so, we observe the ODE system satisfied 
by the as follows: 



di 



?,(M-i)-(i) 







where 



= ■P/m(a^"^'){^T,(7r('"^))aT,(7r(*"^)) [right-hand side of iFT^ 

On the other hand, by construction of as difference of two i^.^ounded functions, we know that 

controlled by an a priori bound C5 on [0,ri]. The solution of the ODE is given by 



Ti 



We conclude that 



Thus we need to estimate g'^{-)- However, this can be done as in our previous work concerning the bound on 
II — Z(*~^^)||i2. This completes estimating the dispersive part uj^l'^~^\ 

(B): We also need to estimate the root as well as the hyperbolic part for t E [0,ri_i]. For the latter, one 
again invokes the ODE system, as before. However, there is a technical difficulty since we no longer work on 
an infinite interval and can no longer conclude that there is just one possible value for &+(''*~^)(0) given in 
terms of an integral representation. We do have the representation (for t G [0, 



Use that a 



(i-i) 



0(5). 
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As before, this allows us to conclude that 

The first term on the left is only 0(1), though, as < — > Ti_i. Note that this problem doesn't occur for the 
establishment of the a priori estimates since we define 5+^*^(0) etc to be given by the integral expression. To 
remedy this, observe that we also have 

Observe that as long as Ti_i — t> Clog one obtains the desired estimate for If Ti^i — t < 

dog iTi-il, one invokes the a priori estimates, which produce a bound of the form 

{t)-'\\ul:^;'\mLi < w-miic/^^Hoiu,- + m^-'HrnL^] < cst^X 

which is more than what we need. We proceed to the root part. Using the notation from above, we have 

i=i 

From the iterative construction, we have 
Hence 

From here one obtains the bound 

sup {t)-'\\U^^Z;'\mLl<AC6\\iZ^^-'^-Z^'^~'\n^^-'^-n^^^^^^ 
te[o,Ti_i] 

(C) : Finally, we consider supjg[y._j Ti](^)^^l|f^''*'*^^'lli^' '^^ use the a priori estimates to obtain 

We proceed to the weighted L°°-norm supigjo ^^j \\{x - y'-'-'^\t))-^ {Z'^^'^ - Z'^'-^^){t)\\L^ . We follow the same 
strategy as before by changing the gauge, working with 

(D) : the estimate for || {x)^^u'^^^~'^^ llL°°([o.Ti_i])- We use (|4.19|) . Lemma lS^^ as well as the Duhamel parametrix, 
to obtain 



(4.20) 



/ (t-s)-i-i(a;)^Fs(aT~^^)[left-handsideof Km isWWnds 
Jo 

/ (t- s)"^||P4a^~^^)[left-hand side of s)]\\ r ids 



We start with the first integral on the right, which can be decomposed into the following terms: 

\t-s)-i-^||(x)«P«(47'^)[MT.(^(*-i))eT.(^(^-'')[»^(^)9.W^(^(^-'') 

-z#(*-i)a^p^(^(^-2))]](s)iu, ds 

We split this into two contributions, the first of which is 

\i-s)-i-i(x)^P,(a^-'^){MT,(^(*-i))^T,(7r(^-'))[»(^(*)-^('-'))5.W^(7r(^-i))](s)}||^,ds 
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Observe that one may move the (x)^ inside, replacing it by {x — y^^~^\t))^ . Then one may replace the 
expression 

by 

see Lemma [2.41 Thus, we need to estimate 



Due to the local nature of this expression, one can suppress the factor (a; — y*^* ^^(s))^, and we can estimate 
the above by 



t-i 



5 sup / {t- sY^-^^s)-^-^ ds<C6 sup -^(■'^i)l(i) 



te[o,T,_i] 

The second contribution is the following 



«e[o,ri. 



< 



< 



ds 



Li 



sup 

te[o,T,_i] 



-j,(^-2)\(t)]ACd {t^s)-^-'s-^-^ds<AC6 sup < t >^+i {ir'^'-^^ - iT^"^'>\{t) 



te[o,Ti_i] 



We have used Lemma [4.81 

Next, we treat the difference 7V(Z(*-i), tt^*"!)) - Af(Z('-2)^ ^(1-2)^ -^^ ^^le nonlinearity. We split 

Proceeding as in the estimate of llC^dis^^^^lU^, we write 
1 



LI 



dsd^j, 



We use Lemma [2.71 to reduce this to two estimates, a local and nonlocal one. First, we get (by moving the 
multiplier (x)^ inside and then removing P,(a^"^^) etc.) 



t-i 



{t - s)-^-'\\{x ~ 2/(*-i)(s))^[Z('-i) - Z('-2)](s) 

+ ^(z('-i) - Z^^~^'>)\{s)^{. - y^''^\s))\\Li ds 



<A^C5[ sup ||(x~y('-2)(i))-e(z(^-i) 
te[o,Ti_i] 



{t- s)-^-''{s)-^-'ds 
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For the nonlocal term, we estimate if we assume (as we may) that 0<e<o' — 1 — 26* 

<A'[ sup 
te[o,Ti_i] 

rt-l 

<A2(C<5)4[ sup ||(x-2/(^-2)(<))-''(z(-i)-Z(^-2))(<)||i^^] 
te[o,T,_i] 

We have used Lemma [6.1 21 Further, using Lemma [4. 81 as well as Lemma [2. 71 we get 

(4-21) < sup - 7^(-2)|(s)[|Z(-2)p(s)0(. - - (1 - + |Z(-2)|(,s)2-+i] 

0<Ai<l 

Plugging this back in, wc get for the contribution of the local term 

\t-s)-'-^{s) sup ||(x-y(*-i)(s))«|^(*-i)-^r(^-2)|(s)[|z(^-2)|2(s)0(.-^y(-2)(,)|| rf, 
a<^^<l 

.t-i 

<A^C^d[ sup (s)i+4|^('-i) / (t_s)-i-^(s)-i-^ds, 
se[o,Ti„i] Jo 

while for the contribution of the nonlocal term, we get 

rt~l 

(t-s)-i-^(s) sup \\{x-y^'-^\s)f\n'^'-^^^n<^'-^^\{s)\Z^'-^^\{sf^+^\\Li ds 

0<M<1 

se[o,T,_i] Jo 
Finally, we need to control the following two local terms: 

< sup -^(^-2)|(g)^2(;.^ / ^-j-l-.^-J^^ 

se[o,T,_i] Jo 
where we have used Lemma 14.81 Similarly, by Lemma 12.41 

"* \t - sr''l{x - 2/(*-i)(s))«[7i(7r(-i))(t) - -H{4-'\tmz'^^^ - Z'^^-'^)U.Js 

<C5[ sup / 
se[o,Ti_i] Jo 

This completes estimating the first integral expression in 14.2()|l . The second is handled similarly, and is 
hence omitted. We still need to estimate the contribution from the free term. The fact that the difference 
(^(0 _ Z'^*~^))(0) is a local term ensures that this can be accomplished exactly along the same lines as for 
- Z(*"1))(0)||l2, which we dealt with earlier. This completes part (D). 

(E) : The estimate for \\{x)^^uj^yp ^^lUsf • This is handled exactly like the corresponding contribution of 
\\{t)^^uj^y^p ^''Wli, on account of the fact that this term is local. 

(F) : The estimate for \\{x)^^U^l^^^ ^"'lU^- Use again that 
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One combines the previous estimates for || (a;)^^C^^is \\{^)^^Uhyp ^^lU" with the foUowing: 

- CH^^'"'^)>IW ^ ACS sup (s)i+4|^(^-i) - 
se[o,Ti_i] 

(G) : Estimating supjg[j.._^ ^.j \\{x)^^U^^'^^^\t)\\L^ . This is again accomphshed by using the a priori esti- 
mates. We get for t e [Ti_i,Ti] 

taking into account the translation effect of 

Putting these estimates together completes the estimation for the norms involving Z^*) — Z^*^^^. 

(H) : We proceed to estimating supjg[o,Ti](^)"^^^l^^*^ ~ tt^*^-^' First, consider the case t e [0,Ti-i]. Using 
the equation 

(4.22) 

First we have 

<C5{ty^-' sup (t)-i||(zW-Z(*-i))(t)|U2 
te[o,Ti_i] 

Of course this term will then be moved to the left. Next, we have 

-^(■'-2)]5^(7r('-2)))| < (t)-i-f||z('-i)||i2 sup < s >i+* -^(*-2)|(s) 

" se[o,T,_i] 

Further, using a variant of lemma ITHl we get 

which is bounded by (always keeping in mind that t G [0,Ti_i]) 

C5{t)-^-^ sup (s)i+^|^('-i) -^(*-2)|(s) 
se[o,Ti_i] 

The difference 

(7V(Z(^-l) , ), 6(^(*-'' ) (t)) - (iV(Z(^-2) ^ ^(.-2) )^ |^(^(.-2) ) 

is handled as before. Indeed, one obtains 

|(7V(Z(*-i),7r('-i)),|,(7r('-i))(i))-(iV(Z(*-i\^(*-'^),lK^^'"'^)W)l 

< A2[C252^(C(5)2-](t)-i-* sup (t)i+t 1(^(^-1) -^(»-i))(t)| 

te[o,Ti_i] 

< -z('-2)|(t)|azA^(^z(*-i) + (i-/i)z(*-2)^^(»-2))(^)l 

se[o,Ti_i] 

(I) : Finally, consider the case t £ [Ti_i, Ti]. Then we estimate 

|(zW(t),i^(^-i)5,(^(^-i))(t)) - (7V(Z(^-i),7r(^-i)),e£(^(^-i))(i))- 

< [{A + ifiCSf + {C5f'']T-^'' 
Putting all of the preceding estimates (A)-(I) together, we obtain the claim of Proposition ^ 



A^[C5+{C6f'']{t)-^-' sup \\{x~y^'-^\s))-0{Z^'-^^ - Z^'-^^)\\l-^ 
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We have now shown that Definition 14.31 results in iterates satisfying the a priori estimates H4.H|I . We now 
need to show that the (tt^'^ Z^''^) converge in a suitable sense. We have the following 

Theorem 4.9. For i > 1, j > i, the following inequality holds^^ : 

There exists (vr, Z) G X^, solving (|2.1|l in the -sense in addition to satisfying the orthogonality relations 

{Z,ii{^{t))) ^0 Vie[0,oo) 
with the following property: for every T > 0, we have 



In particular, we get 
Also, we have 



ZiO)= ( ^ j + hf+{aoo) + ^ajfij{aoo) 



for suitable h, aj{h) G R, where h = h{Ro) depends in a Lipschitz continuous fashion on Rq. Finally, (tt, Z) 
is the unique solution with these initial data and satisfying the above bounds and orthogonality relations. 

Proof. We need to show that the (7r^*\ Z^*^) form a Cauchy sequence in a suitable sense. This follows from 
the following pair of inequalities. Let j > i. 

< [A^C6 + A\C6mn^'-^'> - z'^'-^^ - z'^"'')||y(.-i)([o,T,_i]) + [1 + {A + l f{C5f + {C5f"]T~^ 

Ti sup sup <A 

j>i te[0,Ti] 

The proof of these follows along the exact same lines as the proof of Proposition ^31 One uses the fact that 
on account of the a priori estimates already established, we have (j > 0) 

To sup sup |7r(°)-7r(^')|(t)< A 

j>i tG[0,To] 

If one iterates the first of the above two inequalities, one obtains 

Now choose T > and iq such that Tig > T. Then we see that for i > io, j > i, we have 

In particular, the numbers (t)^+2 7r^')(i) converge uniformly on [0,r], whence also 7r'-*^|[o_T] converge toward 
some Lipschitz continuous path ttt on [0, T]. Actually, this path is C^, since tt is locally the uniform limit of 
continuous functions. Note that if we define yrit) = /q VT{s)ds + Dt{s), we have 

y^'^\%T]{t)^yT{t), 

and consequently we have 

IMIy(«)[o,t] ^ ll-l|y[o,T], 

where |i-||y[o,T] is defined like |M|y(i)[o,T] '^ith replaced by y{t). In summary, we get 

lim IK^i-W -^(^'^ZW - Z(^')||y[o,T] =0. 



"'^'^This convergence is rather slow, of course, and can be significantly improved by choosing Ti less conservatively. 



34 J. KRIEGER, W. SCHLAG 

This in conjunction to the a priori estimates implies that the Z(*)|[o^t] converge point-wise toward some 
function Zt S X*([0, T]), which satisfies 

(4.23) hm |l(7rT-^«,ZT-Z«|[o.T])IU.[o.T] -0 

2— >00 L.J L.J 

Clearly (ttt, Zt) weakly solves (|2.1ll and satisfies the orthogonality relations on [0, T\. Indeed, we can improve 
this statement by observing that the norm ||-|ly(i)([o,Ti]) ProDOsition l4.5l mav be strengthened to also include 

sup + 9asin||.|lx. 

te[o,T.] 

The justification for this is as in the proof of Proposition ^31 This in particular entails that 

Zt e C{[0,T],H\R) X H\m.)) n C\[0,T), H-\«.) x H-\R)), 

and Z solves the equation in the iJ^-sense. Replacing T by a larger T, we can compatibly extend {ttt, Zt) to 
a larger time interval, whence all the way to [0,cxd). Then the a priori estimates imply that the (tt, Z) thus 
constructed lies in X^, , as well as 

C([0, oo), H\R.) X H^{R)) n C^([0, c5o), H-\R) x H-^{R)) 

In particular, the limit aoo '■— limt^oo Q.{t) exists. The estimate ()4.23|l implies that 

ZW(0) ^ Z{0) 

in the L^-sense. In particular, recalling 

z«(o) = ( f )+ /.(^-)/+ (4"^)) +^4-^)^.(4"^)), 

^ ° ^ k=l 

we get h^^^^^ /i+ for suitable /i+ e K, and similarly a^^ for suitable Uk € R- Moreover, on account 

of the a priori estimates, we have 

|a^-'^ - a^'''\T)\ < T-l-^ - a{T)\ < T"!"^ 

for i suitably large. Hence 

- aoo I < + \a{T) - a^'~'\T)\ 

and therefore 

lim |a^."^^ - aoo I < 2T-'^-'' 

i — *oo * 

Letting T cxD, we get lim^^oo ~ ^oo^ whence indeed 



(4.24) Z(0) - 2° j +hf+{a^)+Y.akf}k{aoo). 

We now verify that ft."*", depend in a Lipschitz continuous manner on Rq. We claim the following: 

Ro 



Lemma 4.10. Let (tt, Z) be the solution associated with ( ^ ), and let {'k*,Z*) he the solution associated 



with ( 1 . Then the following inequality holds^ 



Rq 



\\{t) ^[Z - Z*]||ioc^2([oj||fl(,__R5|||-i]) + IKtt - 7r*)(t)||ioc([o_|||^jj_^.|||-i]) < |||i?o - 



"'^^We shall assume in the following that |||_Ro — Rgf, < 1. 
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Assuming this lemma for now, we introduce U{t) — Moo{Tr)(t)Qoo{TT){t)Z{t), and analogously for U* . The 
preceding considerations imply that we may write 

U = Ud'i,s + Uroot + Uhyp with rcspcct to 7Y(aoo), 

and we can write 
where 

and we have 
(4.25) V = V{t) := 



Uhyp = h+{t)f+{a^) + h-{t)r{aoo), 
Jo 

g+iU,n) - P/„,(aoo)[«^a,VKooW + N{U,Tr) + VU] 
{a + l)(0^^(x) - (a; + y^- y)) - e^'P-'Cf'^^x + y^- y)) 

(4.26) ^i.^.W{-) « f + 2/oo)e-==0(. + - ,)\ ^ J~-''- <t>{.^ + 2/oo - y) 
\{x + yoo)e~'P'^(p{x + yoo-y)J \e-'P'^(p{x + yoc - v) 
. . f e'P°" da(p{x + yoo - y) \ , .j^f ~e'P°-da:<l){x + yoo -y) 
\^g-ip=o + j/oo - y)/ \^_e- v=o + 2/00-2/) 

(4.27) 

and A^(C/, tt) is defined as in l|2.22|l with T replaced by 00. Plugging in the above estimate, one easily^^ obtains 
the bound 

poo PQC 

e^'r(-'^^>g+{U,Tr){s)ds- / e-''("~)"5+(?7*,7r*)(s)ds 



<(5|||i?o-i?SIII 

Now one uses that (with an analogous equation determining 6*+(0)) 

akfjk{(Xoo) 
Observing that 

PLi^oo) ( J ) = [^7t(«oo) - PUa,)] I ) , 
one infers from the preceding that 

\h-h*\<5\\Ro~Rl\\ 

Furthermore, exploiting the orthogonality relations determining Uroot, U*ggi, one obtains a similar estimate 
for flfc — for all k. The argument just given also easily implies the bound 

4 

k=l 

We now turn to the proof of lemma 14.101 which is based on a recursive inequality: 

Proof. (Lemma I4.10|l We recycle the notation from the proof of Proposition 14.41 etc. We claim the following 
pair of inequalities hold true^^ for j > i: 

IKt^W - - Z*«)||^(„([„,^i,{T.|||«„-fl,si||-}]) 

+ [1 + {A + i fiCSf + {CSf^]Tr^ + |||i?o - 



^^Repeating estimates as in the proofs of Proposition l4.4l ctc. and breaking the integrals into two parts, one over the interval 
[0, l-Ro — -RqII""'^], the other over its complement, where the a priori estimates are used. 
^^Possibly shrinking 5 and growing A,C a, bit. 
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min{T„ |||i?o - Klt^} sup - n<'^\{t) < A 

te[Oanin{T,,|||flo--RSI||-i}] 

The proof of this proceeds inductively, assuming 

sup min{r,-, |||i?o - i?olir^} sup - < A 

0<j<i-l te[0,min{T,-,|||i?^o-flSII|-i}l 

Playing the usual iteration game, it is then easy to see that one can retrieve the latter inequality for j ~ i 
from the foregoing inequality. To prove the first inequality, one writes the difference equation satisfied by 
Z — Z* in the following fashion: 

^'^''^^^ + [7V(Z('-i),7r(*-i)) -iV(Z*(*~i',7r*('-i))] + [n{TT*'^'~^^) - H{-k'^'^^^Z<'^ 

(4 29) 

The estimation on the interval [0, minimi, |||_Ro — ^olll^^}] follows then almost verbatim the proof of Proposi- 
tion 14.51 Note that the paths 7r,7r* lead to compatible norms on this interval. □ 

We have almost completed the proof of Theorem 14.91 All that is left is the uniqueness part. For this, 
consider the solutions (tt, Z) e X*(7r), {tt*,Z*) e X^{Tr*) with identical initial data: 

^(0)=( 1° ^+hf+{a^) + p^a,Uc^^) = Z*{0)=(^ ^ + h* f+ {a*^) + J2alvk{a*^)] 

We study the difference equation for Z — Z* , vr — tt*. On account of the a priori bounds, the two paths 
y{t) = J*v{s)ds + D{t), y*{t) = jlv*{s)ds + D*{t) differ by A (say) on [0,r] where T = 5-^. We estimate 
(the norm here is either with respect to tt or tt*) 

IKtt - tt*, Z - Z*)||y([o,T+io]) ^ ^IKtt - tt*, Z - Z*)\\y([i:).t\) + ST^^ 

Implicit in the equation are the constants A, C from before, which we assume to be chosen once and for all. 
From the above, we obtain in particular that 

(T + 10) sup \^--r\(t)<A 

te[0,T+lQ] 

Now one repeats the same argument with T + 10 instead T etc. The conclusion is that 

\\{n-n*,Z - Z*)\\y([o,t])^0 for all T > 0, 

whence the two solutions agree. □ 

Proof. (Theorem II. 1|) In light of theorem 14.91 we are almost done, we only need to verify the scattering 
statement. Given a solution (tt, Z) on [0, oo) constructed as in the preceding proof and with Z(0) as given by 
(OHl . we define 

4 

$(i?o) = upper entry of [/)./+ (ooo) + ^ akfjkiaoc)] 

fe=i 

Define as usual U{t) = Moo{'!T){t)Qoc{T^){t)Z{t). We first seek a representation of the form 

{/(f) =e-"«("~)(7i+Oi2(l) 

for a suitable Ui e Ps{L'^(M.)). Define 

Ui := C/d,,(0) - z / e''-^("-)p,(aoo)[F(r)] dr, 
Jo 

where 

F{t) ■.^idtU{t)-n{a^)U{t) 
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Clearly, we then have 



On the other hand, the preceding estimates as well as the fact that both Uroot, Uhyp are local and satisfy 
suitable decay estimates imply that 

/oo 
e'''^^"^^Ps{a^)[F{r)]dr = OL2{l) 

It remains to show that one has scattering for the evolution of Ti{aoo)- This is a standard Cook's method 
argument. Indeed, write 

'n{a^)-[ a^-aLj + l (a + 1)0^ j - ^"("^^ + ^' 

where 0oo := </>(-, aoo)- Then 



e 



and thus 

(4.30) U2 := lim (,-tHo(o.^) ^-rtH{o.^)jj^ 

t — ^00 

exists as a strong limit. Indeed, this follows from 

Jo 

with the latter integral being controlled as follows: 

/•oo 

Jo 

The first term on the right is controlled by Corollarv l8.3l as well as Sobolev's inequality: 

For the integral term we rewrite it as 

.jir~^)n^^)p^(^aoo)[F{r)]dr 









Jo 



00 



Proceeding as in the proof of Proposition l4.4l etc.. and keeping the a priori estimates in mind, we easily bound 
this integral by 



min{|r — s| ^ '^,|r — s| ^}{r) ^ dr 



< 

Putting the preceding observations together, we obtain that 

/•oo /"OO /"OO 

/ ||(a:)-''e-^^^("~)[/i|Uds< / [(s)"'"' + / mm{\r - s\-^-%\r - s\-^{r)-^-' dr]ds < 00, 
Jo Jo Jo 

as desired. It follows that 

[/(<) = e-**^«("-)[/2 + 0^2(1). 

Finally, 

zit) = goo{t)-'M{t)-'u{t) = e-''^"g-'{o)U2 + 0^2(1), 



where Ho = ^2 j ■ Setting g^\0)U2 = {fj and - we obtain 

and the theorem is proved. □ 
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Proof. (Proof of Theorem ll.2|l The idea is as foUows: Given ao, consider the NLS 1)1.1(1 with initial data 
(/)(•, q;o) + Ro- Applying the usual four-parameter family of symmetries (Galilei giving three parameters, 
scaling one — scaling here is the same as the parameter a), we transform this to W{Q, ■) + Ri where W{0, x) 
is a soliton with a general parameter vector ttq which is close to (0, 0, 0, ao)- Hence, we can apply Theorem ll.il 
to conclude that these initial data will give rise to global solutions with the desired properties as long as 
W(0, x) + Ri lies on the stable manifold associated with W{0, x). To prove that we obtain four dimensions 
back in this fashion requires checking that the derivatives of W{0, x) in its parameters are transverse to the 
linear space iS of Theorem ll.il However, these derivatives are basically the elements of the root space Af of 
■^(ao), whereas we know that S is perpendicular to the root space Af* of ?i{ao)* . More precisely, it is easily 
verified that these derivatives are 

dac/) \ { '>'(f> \ ( ixcj) \ ( dx(t> 

But Lemma l3 . 31 implies that no nonzero vector in A/" is perpendicular to Af* , which proves that N is transverse 
to 5, as desired. □ 

5. The scattering theory for Schrodinger systems 

This section presents the scattering theory for matrix Hamiltonians on the line which was developed by 
Buslacv and Perelman BusPer . Since the presentation in BusPcr^ is somewhat sketchy, and since we need 
to refine some of the estimates in jBusPer| . we give full details. 

Definition 5.1. In what follows, 

We will assume that V as well as all its derivatives are exponentially decaying: 
(5.1) ||V^^''^(x)|| < Cfee-Tl^l Vfc>0 

with some < 7 < 1. Moreover, all entries of V are real-valued, and we will also assume that V is even: 
Vix) = Vi-x). 

The decay and regularity assumptions can be relaxed to polynomial decay and a finite number of derivatives, 
but we do not dwell on this issue. Let the usual Pauli matrices be given by 

Ol\ / -i \ / I 



= 1 1 j' '"^^ 1, * j' '"^ V -1 

Note that any V as in Definition 15.11 satisfies 

(5.2) = n, aiHai = -H. 

The following three lemmas construct a basis of the solution space to Hf = {}? + 1)/ with prescribed 
asymptotics at infinity. These are of course analogues of the Jost solutions in the scalar case. Throughout, 
^ = VA2T2. 

Lemma 5.2. For every A € M there exists a solution fs^x, A) of the equation 

H/3(-,A) = (A2 + 1)/3(.,A) 

with the property that /3(x, A) ^ e^^^d*) as x —> 00. Moreover, f^ is smooth in both variables and satisfies 
the estimates 

(5.3) \did^,[e^^f^{x,\) - (J)] I < Ck^i~^-'e-''^ 
for all X > and k,£>0. Finally, snp^^^snp^^^ l^^^fai^, A)| < C{V). 
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Proof. We set 

/Q\ /-oo / sin{\{y-x)) „ \ 

(5.4) /3(x,A) :=e-^-(^J +y I J _sjnH^ij^ jV{y)h{y,X)dy. 



Equivalently, with 



(5.5) K{x,y;X):= J sinh(My-x)) j 
we have 

(5.6) e'^V3(x, A) =(^)+ [ K{x, y; \)V {y)e^^y h{y , A) dy. 



Smce for aU A G 



sup|j^(:E,y;A)| < sup {(y - a:)e^<"-^) + '"^^(^^'^ < g^- 



with a universal constant C, we conclude that e^^fs{-, A) solves a Volterra integral equation and thus 
(5.7) snp8up\e^^Mx,X)\<C{V). 

Thus, we obtain that 

ef'^Ux, A) - (J) I < e-™ < C^-^e"^^ 

for all X > 0. The estimate (|5.3|) follows by differentiating the Volterra equation 1)5. 6|l . Indeed, since 
K{x, x,X) — and dxK{x, y; A) = —dyK{x, y; A), integration by parts yields 



dx{e'^-h{x,X))^ / K{x,y;X)r{y)e'^yh{y,X)dy+ K{x,y;X)V{y)dy{e''yMy,X))dy. 

J X J X 

By the usual estimates for Volterra equations as well as H5.1|l and H5.7fl . 

poo 

me'''''h{x,X))\<C^i-^ / e-^ydy<C^i-^e-'^\ 



for a; > 0, as claimed. The higher derivatives in x follow in a similar fashion. Indeed, integrating by parts one 
verifies inductively that 

(5.8) dl{e^-h{x,X))=j2(^^ V('^-^\y)dl[e^^yh{yA)]dy, 

which implies the bounds 

\^l{e^^^h{x,X))\<Cu^Ji-^e-'^^ 
for all X > 0. As far as the derivatives in A are concerned, differentiating (|5.5(l in A reveals that 

swl>\^iK{x,y■X)\<C,^l-'-^ 

y>x 

for all 1>Q. Apply 9^ to (|5.8(l . Induction in I implies the estimate (|5.3ll . □ 

Next, we find a pair of oscillatory solutions. 
Lemma 5.3. For a// A € M there exist solutions /i(-. A), /2(-, A) of 

nM;X) = {l + X^)f,{;X) 



(j = 1,2) and with the property that /2(-, A) = fi{-, A) and 

/ ixX\ 

/i(^,A)= ^ j+0(M-^e-^-) 
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as x — > cx). The constant in the O-term is uniform m A G M. Moreover, fi is smooth in both variables and 
there exists a constant^'' xq > only depending on V such that 

.0, 



(5.9) « e-^^-/i(:E,A) 



< Ckj fi-'+^x'e 



for all k,£ > 0, A G M, and x > xq. Finally, the same bound holds for all x > provided |A| > Aq where 
Xq > is some constant^ that only depends on V . 



Proof. Since V has real entries, any solution A) gives rise to another solution /2(-, A). Hence it will suffice 
to find /i . We seek a solution of the form 

(5.10) /i(^,A)= Qjvix,X) + f3{x,X)u{x,X) 

,(1), ,N 

where v{x,X) ~ e""^, and f3{x,X) — (a2),^'.,) is as in Lemma Clearly, 

r~d^x{uf^^\-, A)) + ud^.ji^\-, X)\ 



«(l + A^)/3(-,A)) + 



-dUuf^'\-A))+ud,,f^'\;X) 

a,,(w/l')(-,A)-ua,,/3(')(-,A) 



In order to have Ti.fi{-, A) = (1 + A^)/i(-, A), we therefore need 
= (H-(A2 + l))/i(.,A) 

_ ;\-d,x-x' + v^^H;X)\ , ^-a,x-,A)/«(.,A)-2a,^.(.,A)a,/«(.,A) 

(O.ii) 



V2iv{;X) J ' \d^M-A)fP{-,x) + ^dM:X)dxfP{-,x) 

The homogeneous equation 

(•,A) + 2y'9,/f (,A) = 

has the solution 

y'(x)=C7(/f (a:,A))-2 

which is well-defined provided a; > a;o by Lemma |5.2I Here > is a large constant independent of A (for 
large |A|, we can take xq — 0). From the second coordinate in (|5.11() and the usual "variation of constants" 
method we obtain that 

C'{x)^-fP{x,X)V2i{x)v{x,X) 
which imphes, together with the boundary condition C{oo) = 0, that 

nOO 

(5.12) u'{x,X) = [f!,'\x,X)]-^ f!,'\y,X)V2i{y)v{y,X)dy. 

J X 

From the first coordinate in (|5.11l) we conclude that (dropping A fi^om f-^^v^u for simphcity) 
v{x) = e"^ - r 5^^li^ip^(^"(y)/(i)(y) + 2u\y)fi'\y)' - V,,{y)v{y)) dy 



„^x\ , sin(A(7/ - x)) I /g 

X (^21(2;) -(2) 

i-i 



(1) 

^2i{yy-^Av) + yiMXy)dy 



2 r '"-'^^ f^'\y) + f'.'\yy) [/f (^)]-^ r fPi^)VMvi^)d^dy. 



This can be written as 

(5.13) v{x,X)=e'-^+ I Kix,y;X)viy,X)dy 



^''This constant becomes large as V becomes large. 
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where K{x, y; A) :— Ki{x, y; A) + K2{x, y; A) according to the sphtting 
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(5.14) Ki{x,y;X) 

(5.15) K2{x,y;X) 
- 2 



sin(A(y - x)) 
A 



V2iiy)^{y;X) + Vi^iy) 
h 



y sin(A(z-.)) ^ _ ^^(^ ^ ^^^^^ ^ 



A 



Since y > a: > xo > 0, Lemma 15.21 imphes that 

\K^[x,y-X)\<C{y-x){l + \\\{y-x))- 



-'^p-fv 



\K2{x,y;X)\< {z - x){l + \X\(z - x))-'e^^-^^^ dz e-^^+-^^^ < C- 

Jx I+IAK2/-X) 

In the final estimate we used that is increasing in a. Hence, (|5.13|) is a Volterra equation with a solution 

v{x,X) on the interval [xo,oo) satisfying 



|z;(a;,A) -e"^| < C 



y-x 



-IV 



I. l + \X\{y-x) 
<Cil + \X\)-^e-'"' 

for all X > xq. Thus, in view of H5.12|) . 



dy = Ce-'"' 



l + |A|u 



du 



|u'(x,A)| < Ce^'^'^ / e-^'^+'^'^dy < C/i-^e^'^-T)^ 



for all X > Xq and A € K. Hence, assuming that u{xo, A) — 0, we obtain that 

|u(a;,A)| < CAi"2g(M-7):^. 

By the preceding. 



/i(x,A) 



-,1a; A 







1 p-'yx 



with a constant C which is uniform in x > a;o and A G R. Now continue /i(-, A) to the left of xq by means of 
the existence and uniqueness theorem. 

As far as the derivatives are concerned, set 

K{x, y; A) e-'^^'-'-y^ K{x, y; A), v{x, A) e-'^-v{x, A), 

and similarly with Ki,K2, see (j5.14|l . (j5.15|l . Then 

(5.16) dxv{x,X)-- 

In view of |^J), 



d\K{x,y]X)v{y,X)dy + / K{x,y;X)dxv{y,X) dy. 

J X 

\dxf3{x,X)\ <Cxe-''^ 



for large a;. Consequently, for y > > a^O: 



|5Ai^i(a;,y;A)| 



<C7 

- l + |A|(y-a;) 



-1 y-x 



l + \X\{y-x) 



ye 



To obtain this bound, it is helpful to introduce (/)(m) := ^i^^. Then l^e^H")! <Ck{l + |u|)"''"i for all /c > 
and 

sin(A(?/ - x)) 



X 



{y - x)(j){X{y - x)). 
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Similarly, 

\dxk2{x,y-\)\ 

-^I l + |A|(y-x)' 
J. l + |A|(y-a;)' 

The conclusion is that 



dxK{x,y;X)v{y,X) dy 



and therefore also 

\^xv{x,\)\<C^i-^e-^-, 

see H5.16|) . Inserting this into (|5.1U|) yields 

\^x[e-'^^h{x,X)]\<C^i-^xe-^^ 
for all x> xq. The case of higher derivatives in A is similar. Indeed, 



(5.17) div{x,X)=jz{^)i r dik[ 

As before, Lemma [5.21 leads to the bounds 



x,y;X)d^ ^v{y,X)dy. 



\dik{x,y;X)\<C ^y XH^\ 
1 + \X\{y-x) 

In combination with (|5.17|) . this estimate inductively yields 

\divix, X)\ <Cifi-^e-^^ or \divix, X)\ < d x^fi-^e-^'' 
for large x. Inserting this bound into the defining equation l|5.12() for u' implies that 

\diu'{x.,X)\ < Qa;V"'e(^-T)". 

Since d^u^xo, A) = for all A, 

\diuix,X)\ < QxV^'e^'^-T)". 
Finally, inserting this estimate into (|5.1U|) we obtain 

\di[e-"^h{x,X)]\ <C,a;V-^e"^^ 

which is l|5.9|) with fc = 0. The case of x-derivatives, i.e., fc > 1 in (|5.9|) follows by similar considerations. We 
skip the details. □ 

Remark 5.4. As already noted, we can take xq = in the previous proof for large |A|. This allows us to state 
that 



sup 

x>0 



< c, 



d^fi{x,X) - iX[ ^ 

for large |A|, which will be useful later. Another important (but simple) observation concerns the point A = 0. 
There /i(-. A), /2(-, A) are identical. However, it is simple to obtain a pair of linearly independent solutions 
at A = 0. Indeed, just take /i(-,0) and d\fi{-,0). Note that the asymptotic behavior of dxfi{-,0) is ix as 
X oo. Alternatively, one can also work with the pair 

,f /i(-,A)-/2(-,-A) 
/u-jAj, 



STABLE MANIFOLDS FOR ALL MONIC SUPERCRITICAL NLS IN ONE DIMENSION 43 

which is independent for all A e M. 

Next, we construct an exponentially growing solution at +00. We will later modify to obtain /4, hence 
the notation. 

Lemma 5.5. There exists a solution fi{-, A) of 'Hfi{-, A) = (1 + }?) fi{--i A) with the property that 

M; A) = ei^- Q + 0((1 + |A|)-ie(''-T)-) 

as X ^ 00. The constant in the 0-term is uniform in A. Moreover, /4(-,A) is a smooth function of its 
arguments and there exists a constant^^ xi>0 only depending on V such that 

(5.18) \did^, [e-^'''h{x, X)-(^^]\< Ck,e li'^+'^x' e"^- 

for all k,£ > 0, A G R, and x > Xi. Finally, the same bound holds for all x > provided |A| > Ai where 
Xi>0 is some constant^ that only depends on V. 

Proof. Make the ansatz 

/4(a;,A) =e^-Q ( -^U-y^ ) ^(y)/4(y,A)dy 

px / sin{\{x-y)) \ ~ 

(5-19) +J[ ^ _^^-^ix-y) jViy)f4iy,X)dy, 

where xi > is some constant that will be chosen large. Clearly, if /4(.t, A) grows at most like e^^ as .t ^ oo, 
then this integral equation is well-defined. Moreover, it is easy to check that a solution of this integral equation 
satisfies 'Hfi{-, A) = (1 + A^)/4(-, A). To find a solution, we solve 

f{x,\) = Q +/'^ ( \ ) y{y)f{y^>^)dy 

(5-20) +j{ ^ g _^,-2,(.-,) )n2/)/(y,A)dy 

by the contraction principle. Thus, fi{x, A) := e^'^f{x, A) will be the desired solution. Denote the right-hand 
side by T. Then 

(T/ - T9){x) = £(^l ) vmiv) - 9{y)] dy 

+ [ ' _^^-2,ix-y) jV{y)[f{y)-9{y)]dy, 



which imphes that 



\{Tf - Tg){x)\ < C{1 + |A|)-i / e-^y\f{y) - g{y)\ dy 

J X 

+ C{1 + |A|)-i r\pi{x - 2/)e-'^(--^) + e-2''(-^)]e-^^|/(y) - g{y)\ dy 



<C{l + \\\)-^e-^^^ sup \f{y)-9{y)\ 

y>xi 



for all X > Xi. Hence, T is a contraction in 



{feC{[xi,^),C')\ sup |/(x)| <2} 

X>Xl 



■'^^This constant becomes large as V" becomes large. 
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provided xi is large (if |A| is large, we can take xi = 0). If /(•, A) is the fixed-point of T, then 

/(x,A)-Q|<C(l + |Arle-^^ 
for all X > xi. The estimate on the derivatives follows by differentiating the equation (|5.2Q(I . 



□ 



Remark 5.6. As noted, for large |A|, we can take xi ~ in the previous proof. This allows us to state that 

^0^ 



as well as 



/4(0,A)- 



<c\x\- 



for large |A|. 

Here we record a useful property of these solutions. 
Corollary 5.7. The solutions /i, /2, /a, fi from the previous lemmas satisfy 



fi{; -A) = A) = /2(-, A), /2(-, -A) = /2(-, A) = A) 



/4(-,-A)=/4(-,A) = /4(-,A) 



/3(-,-A)-/3(-,A)-/3(-,A), 
for all A e R. Moreover, /i(-,0) = /2(-,0). 

Proof. This can be seen by inspecting the various integral equations defining these solutions. Indeed, since V 
has real entries, l|5.4|) and (|5.19|l are invariant under both conjugation and the substitution A — > —A. Finally, 
(|5.10() . H5.12|l . and (|5.13|l imply that conjugation of A) is equivalent to A ^ —A. □ 

The following two lemmas introduce the Wronskian in the matrix context. We will need to use the property 
that 0-3 1/* 0-3 = V, see Definition 15. II and H5.2|l . 

Lemma 5.8. For two difjerentiable functions f,g taking values in let 

W[f,g]{x) {nx),g{x))-{f{x),g'{x)) 
where (•, •) is the real scalar product. Suppose that (Ti. — z)f — and (Ti. — z)g — 0. Then 

W[f,g] = const. 

Moreover, 

I¥[/i(.,A),/2(-,A)] =2*A, M/[/3(-,A),/4(-,A)] =-2/z, 
W^[/i(.,A),/3(-,A)] =T4^[/2(-,A),/3(-,A)] =0, 

where /i,/2,/3,/4 o,re as in Lemmas \5.i!H5.5i There exists a unique choice of Ci,C2 (z C so that 

(5.21) f4i; A) := f^-, A) - ci(A)/i(., A) - C2(A)/2(-, A) 

satisfies 

l^[/i(-,A),/4(-,A)] = I^[/2(-,A),/4(-,A)] = 0. 

Furthermore, /4(-,A) = /4(-, — A) = /4(-,A). Finally, we also have M^[/3(-, A), /4(-, A)] — — 2/z and Cj{X) = 
O(A-i) for j = 1,2 as |A| ^ 00. 

Proof. Compute 

-^W[f,g]ix) = {a,f",a,g) - (a3/,a3.g") 

= ((1 - z)a3/ + Vf, a^g) - (^3/, (1 - z)a3g + Vg) 
= {<y3Vf,g)-{V*c73f,g)=0. 
The statements about the Wronskians follow from the asymptotics in the previous lemmas. Now define 

/4(-,A) = /4(-,A) - ci(A)/i(.,A) -C2(A)/2(-, A) 
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SO that 

W[h{;X), /4(-, A)] = W[f2{;X), /4(-, A)] = 0. 

Thus, we need that 

= A), /4(-, A)] - c2(A)V7[/i(-, A), /2(-, A)], 

= W^[/2(-, A), /4(-, A)] - ci(A)W^[/2(-, A), A)], 

and therefore 

C2(A) = {2tX)-'W[h{-,X), U{; A)], ci(A) = -(2*A)-iW^[/2(-, A), /4(-, A)]. 
It follows from (|5.9|) and H5.18|l that ci(A) 0(A"i) and C2(A) = 0(A"i). By hispection, 

ci(A) = (2iA)-iW^[/4(-,A),/i(.,A)] =C2(A), 
which implies that /4(-, A) = /4(-, A) by Corollary 15. 71 Also, 

ci(-A) = (2*A)-iW^[/2(-, -A), /4(-, -A)] = {2tX)-'W[h{; X),h{; A)] = C2(A), 
and by Corollary 15 . 71 again /4(-, — A) = /4(-, A). Finally, W[f3, fi] = VK[/3, fi] — —2^ as claimed. □ 

We will need the following analogue of (|5.18(l for /4. 
Corollary 5.9. Let be as in (I5.21() . Then 



did'. 



e-^V4(x,A)- Q]| <Ck,efi-^+''x'e~^^ 



for all k,e>0. 

Proof. This is an immediate consequence of Lemma 15.81 and (|5.18f) . □ 
Recall that we are assuming that V is even. In that case, set 

gj{x, A) = /j(-.T, A) for 1 < j < 4. 
Since V{x) — V{~x), these functions are again solutions of 

Hg,{-,X) = {l + X')g,{;X) 
which have the same asymptotic behavior as a; — > — cx) as the fj when x oo. 

Lemma 5.10. Suppose F, G are 2x2 matrix solutions of TIF = zF , TiG = zG, with some z G C. Then the 
matrix Wronskian 

W[F,G]{x) := F'\x)G{x) - F\x)G' {x) 
is independent of x. Now suppose that W[F,F] — or W[G,G] — 0. Then 

det >V[i^,G] = 
iff there exist vectors a,b (£ C^, not both zero, such that 

F{x)a + G{x)b 

for all X eR. 

Proof. By assumption, F = [(j>i (^2], G = [ipi 1P2] where {Ti, — z)(j>j = and {Ti, — z)ipj ~ for j = 1, 2. Hence, 

W[F,G]ix)^(Zt1f\ Zt^,f\ 

^ ' ^ \^ W[(j)2,^l]{x) W[(j)2,1p2]ix) 

By Lemma [5 .81 each of the entries is independent of x and thus W[F, G]. For the second statement, compute 

W[F,G] W[F,F] \ _ f F'^ -F* \ f ^ ^ 
W[G,G] W[G,F])~[g'* -G* M G' F' 



(5.22) 



I \ ( G F V f -I \ ( G F 



I Q \ G' F' \ I Q \ G' F' 
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1* 



Since W[G, F] ^ -W[F, G]* and W[F, F] ^ (or W[G, G] = 0) by assumption, we conclude that 

det 



(5.23) [det(W[F,G])]'" 



G F 
^ G' F' 

Now suppose that there exist vectors a, 6 € C^, not both zero, such that 

F{x)a + G{x)b = 

for all a; G M. Then, clearly, 

G{x) Fix) \fb\_. 

G'ix) F'ix) A«y 

for every x G K, and det>V[F, G] = 0. Conversely, if detyV[F, G] — 0, then for any given a; S R there exists 
V = v{x) € such that 

G{x) F{x) 
G'{x) F'{x) 

Fix X = 0, say, and let y_ ~ (|^) with a, 6 S C^. Then the column vector y{x) := G{x)h + F{x)a is a solution 
of [Ti. — z)y = with ?/(0) = and y'{0) = 0. By the uniqueness theorem, y{x) = for all x S M, and we are 
done. □ 

Definition 5.11. With fj{-,X),gj{-,\) as above, set for each A G E, 

Fi(.,A) := (/i(-,A),/3(-,A)), F2(-,A) = (/2(-, A), /4(-, A)) 
Gi(-,A) (g2(-,A),.g4(-,A)), G2(-,A) = (.gi(.. A), ff3(-, A)). 

Remark 5.12. At this point it may be helpful to consider the case V = 0. Then 

e"^ \ „ , , , / e~"^ 



u = 0. 



e"^ \ ^ , / e""^ 



Gi(a;,A) — |^ ^ ^^^j. j , G2(x, A) — ^ ^ 

Hence, in that case Fi — Gi and F2 — G2- 

We record some simple but useful symmetry properties of these matrix solutions. 
Lemma 5.13. For all A G M, 

Gi(a;,A) =F2(-a;,A), G2(a;, A) = Fi (-x. A) 



Fi(.,A)=^^i(.,-A), i^2(-,A)-F2(-,-A) 



Gi(-,A) = Gi(-,-A), G2(-,A) = G2(-,-A). 
Proof. This is an immediate consequence of the definitions. Corollary 15. 71 and Lemma 15.81 □ 

Lemma 5.14. For every A G M \ {0} there exist unique constant 2x2 matrices A A{X)^B = B{X) with 
complex entries so that 

(5.24) Fi(., A) = Gi(-, X)A{X) + G2(-, X)B{X). 



Then A{-X) = A{X), B{-X) = B{X) and 

(5.25) G2(-, A) = F2{; X)A{X) + FA:, A)S(A) 

(5.26) W[Fi(-,A),G2(-,A)] ^ A{XY{2iXp - 2^iq) 

(5.27) W[F,{;X),Gi{;X)]^-B{XY{2tXp-2fiq), 

where p = 









^ 






:) 


, and q = 


. 
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Proof. For each A 7^ 0, the columns of Gi(-, A), G'2(-, A) form a basis of the kernel oiH— (A^ + 1). Hence, the 
columns of Fi{-, A) are linear combinations of these solutions, hence the existence of A(A), B{X). Replacing x 
with -X in (j5.24|) implies (|5.25|) . To check (|5.26l) . compute 

W[Fi,G2] = (A*G'i* + B*G^*)G2 - (A*G*i + B'G\)G'^ 
= A*(G'i*G2 - G*G'2) + B\G'^'G2 - G\G'^) 
= -A\F^'Fi - F*F[) - B*{F['Fi - FlF[) 
^ _A* ^[^2, /i] W^[/2, /a] \ ^ /a] 



W^[/4,/l] WiUJs] J V W^[/3,/i] 

= A*{2iXp~2^iq), 

where the last line follows from Lemma 1^751 For (|5.27l) . we compute 

W[Fi,Gi] = (yl*G'i* + B*G^*)Gi - {A*Gl + B'GI)G\ 
= A*(G'i*Gi - G*G'i) + B\G'^'Gi - G*G'i) 
= -A*(^^^*^^2 - ^^2*^2) - B\F['F2 - FlF^) 



w[h,f2] ; V w[hj2] w[h,h 

= -B*(2iAp- 2^g), 
where the last line again follows from Lemma [5.81 Finally, by Lemma [5. 131 

-A) = Gi(-, -A)A(-A) + G2(-, -A)S(-A) 

is the same as 



Fi(., A) = Gi(-, A)A(-A) + G2(-, A)B(-A) 



so that A{X) = A{-X), B{X) = B{-X) for aU A e M. □ 
The following corollary is natural in view of Remark 15. 121 Indeed, the limit |A| ^ 00 should correspond to 

Corollary 5.15. A{X) and B{X) are smooth for A ^ 0. Furthermore, XpA{X), qA{X), XpB{X) and qB{X) are 
smooth functions 0/ A G M. As \X\ 00, 

A(A) =/ + 0(A-i), S(A)=0(A-i). 

Proof. The regularity statements are immediate from (|5.26ll and H5.27|) . By Remark 15.41 

W[Fi(.,A),G2(-,A)] 

= [/((0,A) /ao, A)]* [51(0, A) 53(0,A)]- [/i(0,A) /a (0, A)]* [5^(0, A) 53(0, A)] 
= [/{(0,A) /^(0,A)]*[/i(0,A) /3(0,A)] + [/i(0,A) /3(0, A)]*[/{(0, A) /^(O, A)] 

^ ( -."1%, ) (-°«-')) - ( "oT ) 

_2/i ) +0(l) = 2zAp-2^g + 0(l). 
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It now follows from H5.2()|l that — I + 0{X^^) as |A| — > oo. Similarly, by Remark 15.61 and the property that 
c,(A) = O(A-i), 

>V[Fi(.,A),Gi(-,A)] 

= [/{(0,A) /^^(O, A)]* [32(0, A) 54(0,A)]- [/i(0,A) /3(0, A)]*[g^(0, A) .g^O, A)] 
= [/{(0,A) /^^(0,A)]*[/2(0,A) /4(0,A)] + [/i(0,A) /3(0, A)]*[/^(0, A) /i(0,A)] 

0(1) + j 1^ + ^^^ )) + [I + 0{X )j( ^^^^ ^^^^^^ 



= o(i), 

and the desired bound follows from (|5.27|) . □ 

The following lemma establishes relations between A and B which are analogous to those satisfied by the 
reflection and transmission coefficients in scalar scattering theory. 

Lemma 5.16. For each A 7^ 0, the matrices A{X),B{X) satisfy the following relations: 

(5.28) -2iXp = -2iXA{X)*pA{X) - 2nA{X)*qB{X) + 2piB{X)* qA{X) + 2iXB{X)*pB{X) 

(5.29) = ^* {2iXp - 2p.q)B - B* {2iXp - 2/^g) A 

(5.30) = 2fiA* {X)q - 2iXB* {X)p - 2fiqA{X) - 2iXpB{X) 

Proof. Compute yV[Fi(-, A), Fi(', A)] in two different ways. For the most part, we will suppress A in our 
notation for the sake of simplicity. Then, on the one hand, 

W\F F]-f ^[^"I'^i] nhJs] \ ( -2*A \ _ 
Wt^i'^i] - W[hj,] W[hj,] )-\ J - -2^Ap. 

And on the other hand, 

W[Fi,Fi] = 'W[GiA + G2B,GiA + G2B] 

(5.31) = A*yV[GuGi]A + A*W[Gi,G2]B + B*W[G2,Gi]A + B*W[G2,G2]B. 

Next, we compute each of the matrix Wronskians on the right-hand side of H5.31|l . Before doing so, we 
calculate (see H5.21|l ') 

W[/4,/4]=M^[/4,/4]=0. 



Then 



W[Gi,Gi] = ^W[F2,F2\ 

W[f2j2] W[f2ji]\_ f W[h,f2] W[fi,f4] 



2iX 







'2iXp, 



and 



W[Gi,G2] = -W[F2,Fi] 

W[f2jl] W[f2,f3]\_ f W[fi,fi] W[/l,/3] 



W[fi,fi] W[f,J,] J \WU4J2] 




2n 



Thus, 



W[G2, Gi] - >V[G2, Gi] - -W[Gi, G2]* = 2fiq. 
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Finally, 

W[G2,G2] = ~W[Fi,Fi] 

w[h,h] w[h,h] A _ / w[hJi] w[hJz] \ 

\ W[hJ{\ wihh] ) \ W[h,h] W[h,h] ) 

2i\ \ 
^0 j = 2*Ap. 

Inserting this into (|5.31|) yields 

~2i\p = -2iXA*pA - 2^A*qB + 2fiB*qA + 2iXB*pB, 

as claimed. For the second quadratic relation, we compute W[Fi{-, A), Fi{-, A)] in two different ways. On the 
one hand. 

And on the other hand, 

W[Fi,Fi] ^W[GiA + G2B,GiA + G2B] 

= A*yV[Gi, Gi]A + A*W[Gi, G2]B + B*W[G2, Gi]A + B*W[G2, GajB 
= -A*W[Fi,Fi]A - A*W[Fi,F2]B - B*W[F2,Fi]A - B^W[F2, F2]B. 



By Lemma [5. 81 

By the same lemma, 

and therefore, 

The conclusion is that 



W[F2,F2] 



W[f2,f2] W[f2,h] 



mF..F2] - ^j^^^ ^j^^^ j - 2^Xp - 2n. 

y^\F2.Fi\ = ->V[Fi, F2]* = -2^Ap + 2^q. 
= -A\2i\p - 2fiq)B + B*{2iXp - 2^j.q)A, 



which is (1223 • 

Finally, to obtain H5.3()|l . we compute W[Fi,G2] in two different ways: On the one hand, 

>V[Fi,G2] = >V[Giyl + G2B,G2] 

= A*>V[Gi,G2] +B*>V[G2,G2] 
= -A*W[F2,Fi] - B*W[Fi,Fi] 
= -2fiA*q + 2iXB*p, 

and on the other hand, 

W[A, G2] = W[FuF2A + FiB] 

- >V[Fi,F2]A + W[A,J^i]S 
= -2^iqA - 2iXpB, 

as claimed. □ 
Next wc turn to the important question of invertibility of A{X). 

Lemma 5.17. If X ^ 0, then the following are equivalent: 

• detA(A) = 

• E = X'^ + 1 is an eigenvalue of Ti. 

• detW[^^i(-,A),G2(-,A)] =0. 
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Proof. Since A 7^ 0, the first and third properties are equivalent by l|5.2()|l . Now suppose that + 1 is an 
eigenvalue. Then Fi(-,A)(j) and G'2(-,A)(J) are linearly dependent (note: the sign of A is irrelevant here). 
Since 



we conclude that 



for some a ^ 0. In particular, A{X) is singular, as claimed. 

Conversely, let A{X)v = for some v G C'^, v ^ 0. Then H5.28|l implies that 

-2iX{pv,v) = -2iX{A{X)*pA{X)v,v) - 2fi{A{Xy qB{X)v,v) 
+ 2n{B{X)*qA{X)v, v) + 2iX{B{X)*pB{X)v, v) 
= 2iX\\pBv\\^, 

and hence — 2iA||pw|p — 2iX\\pBv\\'^ . Since A 7^ 0, this implies that pv = and pBv = 0. In other words, both 
V and B{X)v are parallel to (j^). By the previous paragraph, this implies that A^ + 1 is an eigenvalue. □ 

Unlike the scalar case, where rapid decay of the potential insures absence of embedded eigenvalues, this is 
not the case in the system case. Indeed, take V2 = and Vi < 0. If \Vi\ is sufficiently large, then there is 
> 1 and / e L'^(R.) so that 

(a,, -1-Vi)f^ Ef. 

This implies that Ti-Q) — ^Cf) so that E becomes an embedded eigenvalue of H. 
The case E = 1 requires more care. 

Definition 5.18. We say that E = ±1 is a resonance ofH provided Tif — ±/ has a solution f E L°° \ . 

First, we characterize the solutions / g L°° \ I? . 

Lemma 5.19. Any solution f e \ of Tif ~ f is of the form 

f{x) = C± r ) + 0(e=F-r^) as x ^ ±00 



where both (7+ 7^ and C_ 7^ 0. Similarly, solutions of Tif = — / are of the form 

fix) = C± + 0(e=FT^) as x ^ ±00 
Proof. In view of Remark l5.4l any such / has to be a linear combination of 

/i(-,o), aA/i(-,o), /3(-,o), /4(-,o). 

Clearly, only 0), /3(-, A) can occur in this linear combination when a: 00. Similarly when x —i- —00. □ 

There is a characterization similar to Lemma l5 . 1 71 for the cndpoint E = 1 (_B = — 1 is analogous). 

Lemma 5.20. E = 1 is a resonance or an eigenvalue ofTi i/f det yV[_Fi(-, 0), G2(-, 0)] — 0. 

Proof. By definition and the proof of Lemma [5.191 i? = 1 is a resonance or an eigenvalue of Ti iff there exist 
a, 6 G not zero such that 0)a and G2(-, 0)5 are linearly dependent. In view of (|5.32|) and Lemma 15. lUI 
this is in turn equivalent to dot W[Fi (•, 0), G2(-, 0)] — 0, as claimed. □ 

Define 

(5.33) D{X):=W[F,(;X),G2(:,X)] 
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for all A e R. By 

(2zAp - 2^lq)A{X) = W[F^{; A), G2(-, A)]* = -W[G2(-, A), A)] 

(5.34) = W[Fi(.,A),G2(-,A)] =i5(A), 

(5.35) D{XY - ->V[G2(-,A),Fi(.,A)] - >V[i^i(-, A), G2(-, A)] - i?(A) 



(5.36) i?(-A) = W[Fi(.,-A),G2(-,-A)] = W[Fi(.,A),G2(-,A)] -i?(A) 
for all A G M. Combining the previous two lemmas therefore yields 

Corollary 5.21. The following properties are equivalent: 

• There are no eigenvalues in [l,oo) and E — 1 is not a resonance 

• D{X) is invertible for all A G R. 
In that case, 

A{X)-^ = D{X)-\2iXp - 2^lq) 

for all A G R. 

The point of the final statement is that it should be viewed as a definition of the left-hand side in case 
A = 0. Note that H5.27(l allows us to conclude that 

(5.37) lmi(2iApS(A)-2gB(A)) ^ >V[F2(-,0),G2(-,0)]. 

6. Scattering solutions, the resolvent, and the distorted Fourier transform. 

From now on, we shall assume that the conditions of Corollarv l5.21l hold. We will call such Hamiltonians 
admissible. 

Definition 6.1. We say thatTi is admissible if it satisfies the requirements of Definition \5.I[ if there are no 
eigenvalues in the essential spectrum (— cxd, —1] U [l,oo), and if the edges ±1 are not resonances. 

Later we will prove that the linearization of NLS around a ground state is admissible. It turns out that 
this class of H admits the construction of scattering solutions for all energies \E\ > 1, see Lemma [6.31 We 
start with a rather obvious lemma about the smoothness of D{X)^^. 

Lemma 6.2. Let Ti be admissible. Then both D{X) and D^^{X) are smooth functions m A G R. Moreover, 
D{X)-^X = 0(1) as \X\ -> oo. 

Proof. Since both Fi{x,X) and G2(a;,A) are smooth functions in A, it follows from (|5.33|l that D{X), and 
therefore also dct(L)(A)), are smooth. Since CoroUarv 15.211 implies that det(£'(A)) ^ for all A G R, we 
conclude from Cramer's rule that D~^{X) is smooth for all A. Finally, the asymptotics of D^^{X) follows from 
Corollary □ 

For the remainder of this section, admissibility of Ti. will be a standing assumption and we will not mention 
it further. 

Lemma 6.3. Let e = (J) . Then for all XeR 

(6.1) T{x, A) := 2iXFi{x, X)D{X)-^e 

(6.2) g{x, A) 2iAG2(a;, X)D{X)-'^e 

are bounded solutions ofHf = (1 + A^)/. Moreover, their asymptotics are given by^^ 

T{x, X) = s(A)[e"^e + 0((1 + \X\)-\r^''')] + 0(A(1 + lAD^^e-^^) as x ^ oo 
T(x, A) = [e"^ + r(A)e-"^]e + 0(A(1 + lAD^^e-^^) as x -oo 
Gix, A) = s(A)[e-"^e + 0((1 + |A|)-ie''")] + 0(A(1 + |A|)-2eM-) as x ^ -oo 
^;(a;,A) = [e-"^ + r(A)e'^^]e + 0(A(l + |A|)-2e-'>'^) as x oo 
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Here 0(A(1 + |A|) ^) stands for a function which vanishes Unearly as A ^ and decays like A ^ as A 
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where 

s(A)e ^ 2i\pD{X)-^e and r(A)e = 2i\pB{\)D{\)-^ e 

are smooth functions for all X ^M. with s{0) = 0,r(0) = —1. The matrix S{X) := ^ ^ is unitary. 

In fact, one has 

s{xy = s(x)-^ = s{-x) 

for all XeR. 

Proof. By Lemmas 15 . 31 and 15.21 

T{x,X) = 2iXFi{x, X)pD{Xy^ e + 2iXFi{x, X)qD{X)-^ e 

= s{X)fi{x, X) + 0(A(1 + lAr^e-^") = s(A)[e*^^e + 0((1 + |A|)-ie-^")] + 0(A(1 + lAr^e-'^^) 
as X — > oo. On the other hand, as a; ^ — oo, 

T{x,X) = Gi{x,X)e + G2{x,X)B{X)A{X)-^e 

= /2(-x, A) + G2{x, X)pB{X)A{X)-^e + G2(x, X)qB{X)A{X)-^e 
= /2(-x, A) + r(A)/i(-x, A) + 0(A(1 + |Ar ^e^^) 
= [e"^ + r(A)e-"^]e + 0(A(1 + IXiy'^e'"^). 

Here we used that X^^qB{X)A{X)^^e = 2iB{X)D^^{X)e is smooth in A. The asymptotics for Q now follow 
since Gix, A) = J-{—x, A). 

As far as the unitarity is concerned, l|5.26|l implies that for A 7^ 0, 

- 2iX(pA-\X)e, A-\X)e) 

^ -2iX{A{XypA{X)A{X)-^e,A{Xy^e) - 2n{A{X)*qB{X)A{X)-^e,A{X)-^e) 
+ 2fi{B{XyqA{X)A{X)-^e, A{X)-^e) + 2iX{B{XypB{X)A{X)-^e, A{X)-^e). 
Since s(A)e = pA{X)^^e and r(A)e = _B(A)A(A)^^e for A ^ 0, we obtain from this that 

k(A)|' + KA)|2 = l, 

which also extends to A = by continuity. On the other hand, (|5.30(l implies that 

= 2fi{A*{X)qA{X)-^e,A{X)-'^e) ~2iX{B*{X)pA{X)-^e,A{X)-'^e) 

- 2fi{qA{X)A{X)-^e,A{X)-^e) - 2iX{pB{X)A{X)-^e,A{X)-^e) 
= 2n{qA{X)-^e,e) - 2iX{pA{Xy^e,pB{X)A{X)-^e) 

- 2n{qe,A{X)-^e) - 2iX{pB{X)A{Xy^e,pA{X)-^e) 
= -2iXs{X)f{X) ~ 2iXr{X)s{X) 

so that = s(A)r(A) + r(A)s(A), as claimed. Finally, 



s{-X)e = -2iXpD{-X)-^e = 2iXD{X)-^e = s(A)e, 



r(-A)e = -2iXpB{-X)D{-X)-^e = 2iXB{X)D{X)-^e = r(A)e 



for aU A e M which proves that 5(-A) = 5(A) = S'(A)*. □ 

The solutions JF(-, A), Q{-, A) are fimdamental for several reasons, one being that they form the (distorted) 
Fourier basis associated with Ti. This will be clarified later. First, we show that any globally bounded solution 
for A 7^ is a linear combination of these two solutions. 

Lemma 6.4. Any solution f ofTif = (A^ + 1)/ with A 7^ and f G L°°(R) is a linear combination of A) 
and t/(-, A). 
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Proof. By (the proof of) Lemma [5. 101 see (15.23(1 . the matrix 

/ Fi{x,X) G2{x,X) \ 
{ F{(x,A) G',ix,X) J 

is invertible for all a: G M. As noted in the proof of that lemma, this means that the four columns of Fi, G2 
are linearly independent. Hence, there exist v,wG so that 

f{x)^Fi{x,X)v + G2{x,X}w 

for all a; e M. As a; — > —00, 

fix) = Gi (x, X)AiX)v + G2 (x, A) [BiX)v + w\ 
remains bounded iff A{X)v is parallel to e. Similarly, as a; — ^ 00, 

f{x)^Fi{x,X)[v + B{X)w]+F2{x,X)A{X)w 
remains bounded iff A{X)w is parallel to e. Hence, 

v^aA-^{X)e, pA-\X)w 
for some constants a, /? G C. This implies that 

f{x)^aT{x,X)+(3g(x,X) 

for all a e K, as desired. □ 

We can now obtain expressions for the resolvent kernel on the essential spectrum. 
Lemma 6.5. For all A > 0, 

{n-ix^ + i + ^o)y\x, y) = ( ^.^.^li^^.^.^^S^' '1"^ " J ^ 

^ ^ i -G2(a,A)i:' '{X)F{{y,X)az ^f x < y 

{n-ix^ + i- ^o))-\x, y) = ( n-ir~^£^^ ~ xl"' " 5 ' 

^ ^ i -G2(a,-A)L» ^(-A)Ff (y,-A)a3 if x < y 

Proof. There exist matrices A4i{y, A) and Ai2{y, A) so that 

^ ^ ;y V 1^ G2{x,X}M2{y,X) if x < y 

The choice of Fi{x, A) and G2(x, A) for A > is due to the fact that these are the only functions that remain 
bounded for A + ze as a: — > 00 or a; — > ^00, respectively. As usual, one needs compatibility conditions at a = y. 
Here they take the form 

A)7Wi(x, A) - G2(a, A)7W2(a, A) = 
Fi'(a, X)Mi{x, A) - G^(a, X)M2{x, A) -ag. 

To see why, observe that for any Schwartz function, say, h{x) = we need to ensure that 



fix) G2(x, A) / M2iy, X)h{y) dy + Fi(a, A) / Mi{y, X)h{y) dy 

J X J — 00 

satisfies 

{H - (A2 + 1))/ = {asi-d^^ + 1) + V)f{x) - h{x) 
for all X G M. Direct differentiation leads to the conditions above. In matrix notation, 

Fi(x,A) G2(a,A) \ f Mi{x,X) \ M 
F{(x,A) G'2ix,X) J \-M2ix,X)J {-a:, 
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By Lemma Hi.lOl for more precisely, its proof), the 4x4 matrix on the left-hand side is invertible for all x G 
In fact, in view of (|5.22|l and H5.32|l we have the following explicit expression for the inverse: 

Fi G2 _ f \ / I \ f Fl F{* \ / -/ 



F{ G'^ J V J \ I J \ G'2 J y I 

D-^F[^ -D-^Fl 
Consequently, 

^Mi{x,X)\ ^ f-D-HX)Gl{x,X)<j3\ ^ /-D-HA)G*(x,A)(T3\ 
vA^2(x,A)y' \^D-^iX)Flix,X)aJ \-D-^{X)Flix, X)'J3 J ' 
as claimed. The case of — iO is basically identical, and we are done. □ 

Remark 6.6. If y = 0, then it is easy to check that Lemma [6 . 51 vields 

{n-{X' + l±iO)r\x,y)^ 2a 

which is also an immediate consequence of the standard formulas for the one-dimensional scalar free resolvent. 

Next, we need to express the jump of the resolvent across the spectrum [1, 00). 
Lemma 6.7. Let 

£(x,A) := [T{x,X) ^(x,A)] 

for allXeR. Then 



(6.3) {n - {X^ + 1 + iO)) ix,y)^ (n-iX'' + 1-Z0)) (a;,y) = — £(x,A)r(y,A)a3 

for all A > 0. 

Proof. Let A > and set 

Six, y- A) (H - (A^ + 1 + iO)y\x, y) - (H - (A^ + 1 - iG)Y\x, y). 

For fixed ?/ e M 

(H-(A2 + l))5(-,y;A) = 

so that 

x ^ S{x,y; X) 

is a globally bounded solution. It vanishes identically for A = 0. If A > 0, then Lemma [6.41 implies that 

S{x,y-X) = £{x;X)M{y;X) 
for some matrix A4{y;X). Lemma [6.51 implies that 



0-35(2;,?/; A) 0-3 = -S{x,y;X). 

Hence, 

a^Miy; A)*£(x; A)* = -£{y; X)M{x; A). 
Since £{x, A) is invertible for A > and every x G M, we conclude that 

£{y; A)-i a^Miy; A)* = -Mix; A)f73f (x; A)~* =: C(A) 
is a matrix which depends only on A. Moreover, we see that C(A)* — — C(A). Consequently, 
(6.4) Six, y; A) = -£(x; X)GiX)£iy; A) V3. 
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To determine C(A), we invoke the asymptotics of both sides of this equation as a; — > oo and y — > — oo. In view 
of Lemma [6.51 the left-hand side satisfies 

e"^ \ 1 / e-^y^ 

q)^ 



S{x,y;\) = - 







CT3 







(73 + 0(1) 



(6.5) 



2i\ 



2iX 



in this hmit. The matrix C(A) can be written as 

C(A). 

where a,(3GR and z e C. By Lemma [6.31 and H6.4|l . 



la z 



-ixX 



r(A)e 



C(A) 



s(A)e*?^^ 



(T3 + o(l) 





5'(=^+2')\ms(A)f(A) + z|s(A)P + i/3r(A)s(A) - z|r(A)n 

(6.6) + e*("-^)\ms(A) - r(A)z) + e-*("-^'\-zf(A) + z/3s(A)) - ze^^^'+^^^jp + o(l). 

Comparing H6.5|l with H6.6|l yields z — and 



iQ!s(A) 



f(A) 
2iA ' 



i/3s(A) 



s(-A) _ s-(A) 



2a 



2iA 



This implies that a = /3 = — ^ or 



and the lemma follows. 

Let Pd be the Riesz projection onto the discrete spectrum, i.e., 

(6.7) 



□ 



1 



-f- d> (zi-ny^dz 

where 7 is a simple closed curve that encloses the entire discrete spectrum of H and lies within the resolvent 
set. Moreover, define Pg = I — Pd ("s" here stands for "stable"). 

We now recall a general representation formula for the expression {e^^"^ Ps(j),ij) from Section 7 of |Schj . 
It is elementary and was probably known before. Although Sch dealt with dimension three, these partic- 
ular statements are independent of the dimension (basically, Ij6.8|l follows from the Hille-Yoshida theorem). 
Nevertheless, we present the proof for the reader's convenience. 

Lemma 6.8. Assume that Ti. is admissible. Then there is the representation 

(6.8) e'*^ = 7^ [ e'*^ [(H - (A + iO))-^ - (H - (A - ^0))-^] dA + V e"^Pc. . 

27ri J|A|>i ^ 



where the sum runs over the entire discrete spectrum o.nd Pq. is the Riesz projection corresponding to 

the eigenvalue Q . The formula (|6.8() and the convergence of the integral are to be understood in the following 
weak sense: If G S , then 

(e"«0,^)= lim / e"^([(H-(A + ^0))-l~(7^-(A-^0))-l]</.,V)dA-f^(e"«Fc.'^,^>■ 

for all t. The integrand here is well-defined in view of Lemma \6. ?| 
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Proof. We start by checking the following limiting absorption principle 

(6.9) sup \X\^\\{n~{X±ie))-'^\\<oo, 

\\\>\(U£>0 

where the norm is that of L'^^'='(R) x L'^^'='(R) -> L'^-'^{R) x L^-''{R) where ct > 5, say, and Aq is large. In 
the free case (i.e., V = and TC ~ Hq) this bound is an immediate consequence of the explicit form of the 
resolvent, li V 0, then we write 

(H- (A±^0))-l = {Ho - {\±iO)r\l + V{no - {X±tOjr^)~\ 

This is to be understood as identity between operators L'^'''(R) x L'^-''{R) —> L^--''{R) x -'^(M) where 
cr > i. Note the the inverse 

{i+v{no-{x±m-y' 

exists as operator on L'^^''{R) x L2^'^(R) L^'''{R) x L^'''{R) because 

sup \\V{no^{X±tO))-'\\ < l 

|A|>Ao ^ 

for Aq large. Hence, (|6.9|) holds. 

The evolution e**^ is defined via the Hille-Yoshida theorem. Indeed, let a > be large. Then iTL — a 
satisfies (with p the resolvent set) 

p{in- a) ^ {Q, 00) and || (iH - a - A)"^ ||2^2 < A^^ for all A > 0. 

The estimate here follows from 

II {iH~a~ X)-^\\ < II {iHo -a- X)-^\\ \\ (l + iViiUa -a- A)"^)"^|| 

^^^ + °)' \-C(a + A)-i ^ATl^^^"^ 

provided a is large. Hence {e*^*^~°^}t>o is a contractive semigroup, so that ||e**^||2^2 < e'*'" for all i G R. If 
3ffz > a, then there is the Laplace transform 

/■oo 

(6.10) {tn-z)-^ = - e-*^e'*^rft 
as well as its inverse (with b > a and t > 0) 

(6.11) e**^ = :/ e'"" (m- z)-^dz. 



While H6.10|l converges in the norm sense, defining H6.11|l requires more care. The claim is that for any 
<?!),i/' e Dom(7i;) = 1^2,2 X yy2,2^ 



1 pb+iR 

(6.12) (e'*"0,V) = - Inn — / e*^ ((i7^ - z)~ V, V') dz. 
To verify this, let t > and use H6.10|l to conclude that 

27ri Jb-iR. 27ri Jb-iR Jq 

(6.13) = i re^t-s)^'Mit^^<^e-^^^^)ds. 

■n Jq t~ s 

Since e'-*"'*-"' (e*^^ 0, "0) is a function in s (recall G Dom(7i)) as well as exponentially decaying in s 
(because of 6 > a), it follows from standard properties of the Dirichlct kernel that the limit in 16.13|1 exists 
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and equals (e**^(/), V'), as claimed. Note that ii t < 0, then the limit is zero. Therefore, it follows that for any 
b > a, 

(e**^^, V) = - lim i / e*" {{iV. - z)" V, V") / e*^ - z)" V, V') f 

= lim — / e'*^([e-"(H-(A + i6))-i-e''*(W-(A-i5))-i](/)»dA. 

Next, assume that are as in the statement of the theorem, and shift the contour in the previous integrals 
by sending h 0+. More precisely, we apply the residue theorem to the contour integrals over the rectangles 
with vertices ±i? + i6, ±i? + zO and the reflected one below the real axis. The horizontal segments on the real 
axis need to avoid the poles, which can be achieved by surrounding each of the at most finitely many real 
poles of the resolvent (7i — z)"-'^ by a small semi-circle. Combining each such semi-circle with its reflection 
yields a small closed loop and the resulting integral is precisely the Riesz projection corresponding to that 
real eigenvalue. The Riesz projections corresponding to eigenvalues on the imaginary axis are obtained as 
residues. On the other hand, we also need to show that the contribution by the horizontal segments is zero in 
the limit i? oo. This, however, follows from the limiting absorption principle (|6.9|) . The lemma follows. □ 

Under our assumptions, Ti. can only have finitely many points in its discrete spectrum, each of which is 
an eigenvalue of finite algebraic multiplicity (however, the geometric and algebraic multiplicities my differ for 
each one of them). Let Pd denote the Riesz projection onto the discrete spectrum. It is given by the Cauchy 
integral of the resolvent around a simple closed curve which surrounds the entire discrete spectrum but avoids 
the essential spectrum. We write Pg = I — Pd for the "stable" projection. 

We can now state the Fourier expansion theorem. So far, our analysis has been restricted to the right half 
of the essential spectrum, i.e., [1, oo). To extend this to the left half, it will be convenient (but not essential) 
to use a further property of V , see Definition 15.11 and (|5.2() . Namely, 

aiVai — —V and aiHai = —TL where "'i = ^ q 

Therefore, if we denote the scattering solutions of Lemma l6. 31 bv J-+{x,X),Q+{x,X), then the corresponding 
ones for the negative essential spectrum are 



Proposition 6.9. Let 



Then for every (jjjtp € S, 



1 r'^ 1 r'^ 

= — / (0,a3e+(-,A))(V',e+(-,A))dA+— / {4>,<7^e^{- A)){^,e.{- ,X)) dX. 

The integrals on the right-hand side are absolutely convergent. In fact, the integrand is rapidly decaying. 
Proof. We start from the representation formula 

^P^'t^^'i') = j-[ j +J }{{{n-iu + iOjr'-{n~{u-iO)r')ci,,^p)du 
= — / 2X{{{n - (a2 + 1 + io))-^ -{n-{x^ + i- iO)y^)(f>, i>) dx 

2m Jq 

+ — / 2x{({n-{-x^-i + i0))-^-{n-{-x^-i-i0j)-^)(j),^)dx 

2m I ^ ^ 
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which holds in the principal value sense. This was proved in jSch| . see Lemma 44. Since for A > 
{n-{\^ + l + iQ))-\x, y)-{n-{\^ + 1- ^0))-l(x, y) 

= :T4[e+(a;, A) e+{x,-\)][e+{y,X) e+(y, -A)]*cr3 
2iA 

{n - (-A^ - 1 + iQ))-\x, y)-{H- (-A2 - 1 - iQ))-\x, y) 

= 7rk[e-{x^^) e-(a;,-A)][e_(2/,A) e_(2/, -A)]*a3, 

this representation formula can be rewritten as 

-t 



2n Jo \\e+{y,-X) J \e+{x,-X) J ' 

= — / {<f>,a3e+{-,X)){^,e+{-,X})dX+— (0, age^ (•, A)) (V^, e_ (•, A)) dA, 

as claimed. So far, we need to interpret the right-hand side in the principal value sense. Since e± are solutions, 
i.e., they satisfy 'He±{-, A) = (1 + A^)e±(-, A), we obtain 

(<^,a3e+) = (H"V,^3e+)(l + A2)'" 

and the rapid decay follows. □ 

In fact, the same proof also yields the following representation of the time evolution. 

Corollary 6.10. With the same notation as in the previous theorem, 

'it roo 



,^)^Tr e (</),a3e+(-,A))(^,e+(-,A))rfA 

J-oc 



e-^*^ (</>,f73e_(-,A))(V',e_(-,A))dA, 



2tt 

with absolutely convergent integrals. 
Formally, this can be written as 

pit foo -it roc 

e'*«P.(/.= — / e'*^ (^,a3e+(.,A))e+(.,A)dA + — / e"'*^ a3e_(., A)) e_(., A) dA. 

One easy consequence of Proposition lH^^ is the following stability bound on the evolution. Not too surpris- 
ingly, it can also be established independently of the scattering theory from above. In fact, it is a relatively 
straightforward consequence of Kato's smoothing theory which does not depend on the dimension. See |Sch| 
for the three-dimensional case. The argument which is presented there only uses the representation from 
Lemma 16.81 and carries over to the one-dimensional case as well. 



Lemma 6.11. Let Ti be admissible. Then the following stability bound holds: 
(6.14) sup||e**"P,||2^2 < C. 

Proof. In view of Corollary Ifi. 101 

/oo poo 
I (0, <T3e+(., A)) I I e+ (., \))\d\+ I {<t>, a3e_ (•, A)) | | e_ (•, A)) | d\ 
-OQ J —OO 

<2max( / |(0,a3e±(-,A))pdAr( / |(V^, e±(-, A))| dA] ' < C||0||2||V^|i2, 

J —OC ^ J —OQ ^ 

where the final bound follows from the asymptotics of Lemma 16.31 □ 
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Next, we state the natural bound on xe^'^^Ps'. 
Lemma 6.12. Let Ti. be admissible. Then 

||a;e'*«Ps/|l2<C(i)|l/|Ui+C|lx/|l2 

for all t > 0. 
Proof. Clearly, 

= -{[dl |xp]a3e^*«P./,e'*«P,/) + {{V* - y)|a:pe^*«P,/, e^*«P,/) 
= -((2 + 2a;9,)a3e**«P,/,e"«P,/) + {{V* - V)\x\^e'*^PJ,e''^Psf}. 
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In particular. 



-(|a:|^e'*«PJ,e'*«P,/) It.o < ((2 + 2x9,^3^/, P./) + {{V* - V)\x\' PJ, P^f) 



dt 



<^^(II(^>/I|2||/Ik^ + 11/11^). 



Thus, 



— (|x|^e^*«P,/,e'*«PJ) = -2{{H*xd, ~ xd,H*)^3e''^Psf,e''^Ps.f) 



df^ 



which implies that 



sup 

t 



+ {{n*[V* ~ VM"" ~ [V* ~ V)\x\^n)e''^Psf,e''^P,f) 
= 2{{dl{xd.,) - xd^dl)e''^Psf,e''^Psf) + 2{xd.,{V*)a^e''^ Psf ,e''^ P^f) 

- {{dlo^(y* ~ VM^" - {V* - V)\x\'o^dl)e^'^P,f,e^'^P,f) 
+ {{V*{V* - - {V* - y)|a;pT/)e"^P./,e'*«P,/), 



^(|a;|2e»*«P,/,e'*«P,/> < sup C||e'*«P./||l,, < 



A Taylor expansion of degree two therefore yields 

w^'Psfwi < c \\{x)f\\i +cmx)fh\\.f\\H^ + ml) +cf\\f\\%, 

<C{{tf\\f\\l. + \\{x)f\\l), 

and the lemma follows. 



□ 



7. Dispersive estimates: The unweighted case 

In this section, we prove dispersive estimates on e^'^^Pg in the L^(M) L°°{R) sense. For the scalar case, 
see for example |GolSch| . 

Proposition 7.1. Let H be admissible, see Defi.n,ition \6.1[ Then for all t 7^ 0, 

||e^*"p,lli^oo <qr^ 

with some C — C{V). 

Proof. We will follow the proof strategy of the one-dimensional case of |GolSch| . To do so, we start from the 
representation formula 



{e^'^'PsM 



e'*^'A(((H - (A^ + 1 + zO))-i - - (A^ + 1 - zO))-i)0, d\ 



+ — e-"^'A(((7i-(-A2-l + ?:0))-i-(H-(-A2-l-zO))-i)(/.,V)dA, 

which holds in the principal value sense if V' G S. It will suffice to deal with energies E > I since the second 
integral will satisfy the same bounds as the first by symmetry. Let x be a smooth, even, and compactly 



60 



J. KRIEGER, W. SCHLAG 



supported bump function so that xW = 1 for |A| < Ai, where Ai = Xi{V) will be specified later. On the 
support of 1 — xW (the "high energy case" ) we will use a Born series expansion. More precisely, since 











satisfies 

we conclude that 



||(Ho - (A^ + 1 ± iO))-i||i^oo < C\\\-\ 



oo 

F(Ho-(A' + l + jO))-ij 



?i=0 



converges in the operator norm of L^(R) — > L°°(R) provided |A| > Ai is sufficiently large compared to 
Indeed, the operator norms of the n-th summand on the right-hand side is bounded by CA~^(||y||iA^^)". 
Hence^" 

\{e^'^{\-x{H-I))Pt<t>M 



OO 

n=0 



A(l - x{>?)) [{{no - (A^ + 1 + zO))-i (y(Wo - (A^ + 1 + zO))-i)"</., V) 



(7.2) - ((Tio - (A" + 1 - iO))-i {V{no - (A2 + 1 - iO))-i)>, ^)] d\ 

The term n = represents the usual free Schrodinger decay and its contribution is bounded by C|i|~^ ||0|| i||'0|| i. 
Indeed, the oscillatory integral bound that arises in this case is 



sup 



< sup 



(l-x(A'))cos(A|x-y|)dA 



e^*^ riu)[il - xiX')) cos{X\x - y\)r{u) du < C\t\- 



Here the Fourier transforms are with respect to A and we used that 

[(l-x(A^))cos(Aar(«) 

is a measure with total variation norm uniformly bounded in a. Next, consider the contribution by n = 1 
in H7.2|l . Writing — (^^),f/) = (^^) this term becomes (we ignore multiplicative constants and we write 
dx — dx{)dxidx2 for simplicity) 

(7.3) 



(7.4) 



(7.5) 



e^tx A-i(l-x(A2))sin(A(|a;o-a;i| + |a;i-X2|))dAFi(xi)0i(a;o)7^i(a;2)dx 
^^tx^X-\l - x(A2)) sin(A|xo - a;i|)e-^l"^-"il d\V2{xi)Mxo)Mx2) dx 

OQ 

e'*^'A-i(l-x(A2))sin(A|x2-a;i|)e-'^l"i-""ldAF2(xi)02(a;o)V^i(x2)dx. 



To bound the oscillatory integrals, note first that 

||(l + ^.^)[A-l(l-x(A^))^(u)|L 

< ||[A-i(l - X(A^))]^(«)L + C\\dl[X-\l x(A^))]||i < oo, 
since [A^^]^(it) :=csign(w). Hence 

\\[x-\i-x{x'))nu)i<^. 

^''Symbols like 1 — ~ ^) Pit a-re being used in a purely formal way — they are defined by the A-integrals in which 
they arise. 
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Second, we claim that (recall /i — v2 + A^) 



(7.6) 



sup 



a>0 J-oo b>0 J-oo 

where the norms refer to the total variation norms of measures. To see this, compute 

h A2 



dX 



< 



< 



(6 + A2)f 
1 

(1 + A2)§ 



■dX 



dA 



■dA 



uniformly in & > 0. It follows that 



sup(l + u2) / 

&>0 J-i 



dX 



-1^1 dA < C 



< C 



and (|7.6|1 holds. By the same type of argument as in the n = case, we conclude that the contribution from 

is 

<qt|-^llF|ii|i<^||i||V'lli, 

as desired. Finally, the terms n > 2 in 1)7. 2|l are similar. More precisely, they lead to oscillatory integrals of 



the form 



sup 

&>0, ael 



e**^'A-"(l - x(A2))e"^e-''^'2+A7 



dX 



<cAr"ir% 



which follow by the same type of arguments as before. Hence, the entire series in H7.2|l is estimated by 

oo 

^cAr"itr^iiyiHNi</>iiiiiviii<qtr^ii0iiiii^iii, 



n=0 



as claimed. 

It remains to deal with those A that belong to the support of x- By Lemma [6.51 



e 



(7.7) 
(7.8) 



ait 



+ 



Xx{x^){[{n - (A^ + 1 + io))-^ -[n-{x^ + i- m-^]c^, ^) dx 

D 

e"'^' Xx{X^){Fi{x, X)D-\X)Gl{y, A)a3</)(x), ^(y)) dXx[.>y] dxdy 

O 

e''^"XxiX^){G2{x,X)D-\X}Fl{y,X)ascl){x),ij{y))dXx[.<y] dxdy. 



The second integral (|7.8|) can be transformed into a variant of the first H7.7I) by means of the change of 
variables x — *■ —x, y —y: 

e**^' Ax(A2)(G2(x, X)D-\X)F',{y, A)a30(x), ^(y)) dAx[,<,] dxdy 

OO 

e''^" Xx{>^'){Fi{x, X)D-\X)Gl{y, X)a3^{-x), iP{-y)) dAx[.>,] dxdy. 

-oo 

Hence it suffices to bound the first. To this end we need to consider three cases: a:>0>?/, 0>a;>?/, and 
x>y>0. 



Case 1: x > > y 
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We write the A-integral in 1)7.7(1 as the sum of four pieces, according to the various possibihties for the 
asymptotic behavior asx— >ooor— y— s-cx): 



(7.9) 
(7.10) 
(7.11) 
(7.12) 



e''^" \x{X^)F,{x, X)D-\X)Gl{y, X)<J3 dX 

oo 

e''^'Xx{X')[h{x,X) 0]D-\X)[h{^y,X) OfaadX 



Ax(A2)[/i(x, A) Q]D-\X)[Q hi-y, A)]*a3 dX 



e^*^'Ax(A2)[0 /3(x, X)]D-\X)[h{~y, A) 0]V3 dX 



Ax(A')[0 h{x,X)]D-\X)[Q /3(-y,A)]V3 dX. 



Now pick another cut-off function x so that xx — x- Then 1)7. 9|1 is estimated as foUows (with the Fourier 
transform relative to A): 



d^ 



IG3I < / e'f*^ +'(^-^)lAx(A2)[e-''^-/i(a;, A) 0]D-\X)[e'^y h{-y, A) 0]V3 dX 

J — OO 

/CO 
[Ax(A2)i?-^(A)]% [x(A2)e'*^Vi(x,A)]% [x(A2)e^^Vi(~y,A)]^a 
-OO 

(7.13) <C\t\-^\[Xx{X^)D-\X)Y\l\\[x{X^)e-^^^ 

Since -D^^(A) is smooth, the first norm on the right-hand side of 17.13)1 is simply a constant. On the other 
hand, we claim that 

sup||[x(A2)e-'^-/i(a;,A)]''||^ < C and sup || [x(A2)e*^Vi("y, A)] ||^ < C. 

This is an easy consequence of Lemma 1^31 Indeed, ()5.9)) insures that 

\dl[x{X')e-^'y^{x,X)]\<Cx'e-''^ 
for all A G M and all x > xq. Since we are dealing with a compact A- interval it also follows that 



sup \il^dl)[x{X')e'^^^h{x,X)]\<C. 

x>0,. 



Hence, 

and thus 
(7.14) 



sup il + C^)\[xiX')e-^^^Mx,XriO\<C 



sup [x(A^)e-'^Vi(a:,A)]^ ^ <C, 

x>0 



as claimed. Hence the right-hand side of 1)7.13)1 is at most C\t\ 2 ^ as desired. 
For the second term ()7.10l) we estimate (recall y <0) 

/OO 
e'^'^'+'^^^e-^^y^XxiX'ne-'^^hix^X) 0]D-\X)[0 e^l^l/3(|y|. A)] V3 dA 
-00 

(7.15) <C\t\-^\[Xx{X')D-\X)e-^^y^Y\l\\[x{X')e-^^y,{x,X)^^ 
It follows from 1)5.31) that 

sup||[x(A2)e^l^l/3(|y|,A)]^||^ <oo. 
y 

Furthermore, 17.6)1 and Lemma It) . 21 implv that 

sup||[Ax(A2)i?-i(A)e-'^l^l]''||^ < C. 
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Combining these estimates with (|7.14|l shows that the entire right-hand side of H7.15() is uniformly bounded 
in x, y € M. 

The same type of arguments show that 

HZmji + i ima i < c\t\-^ 

uniformly in a; > > y, which finishes Case 1. 
Case 2: 0>x>y 

In this case, we need to use (I5.24() . Thus, we write the A-integral in (|7.7(l as the sum of two integrals: 



(7.16) / e"Mx(A'm(^,A)I?-i(A)G*(2/,A)a3dA= / e"Mx(A')Gi(x, A)A(A)i^-i(A)G* (y, A)a3 dA 

J — OO 'J — OO 

/OO 
e**^'Ax(A2)G2(x, \)B{X)D-\X)Gl{y, A)a3 dX., 
-OO 

each of which is itself broken up into four pieces just as in H7.9|l - (j7.10(l . Thus, starting with (j7.16(l . 

/OO 
e''^" Xx{X^)Gi{x, X)A{X)D-\X)Gl{y, Xy^ dX 
-OO 

/OO 
e"''Ax(A2)[/2(-x,A) 0]A{X)D-\X)[h{-y,X) Ofas dX 
-OO 

/OO 
e**^'Ax(A2)[/2(-a;,A) 0]A{X)D-\X)[0 h{-y, X)Ya3 dX 
-OO 

/OO 
e^*^' Ax(A2) [0 hi-x, X)]A{X)D-\X) [A {-y, A) 0)^3 dX 
-OO 

/OO 
e"^'Ax(A2)[0/4(-x,A)]A(A)i?-i(A)[0/3(-y,A)]V3 dX. 
-OO 

We remark that in view of CoroUarv 15.211 



XA{X)D{X)-' ^ ( 2| 







2fj. 



In particular, the expression on the left-hand side is smooth for all A G M. Moreover, the diagonal form of the 
right-hand side implies that H7.19|l — (|7.20() = (which in the case of (|7.20ll is crucial), as well as 

mB^TT: e'['''+(^-^)^lx(A')[e-"V2(-^,A) 0][e'^Vi(-y, A) 0] V3 dA 
2« J-00 

/OO \ 
e"''e-l^-^l VX(A')[0 e-^l^l/4(|x|, A)][0 e'^l^l/sdyl, A)]V3 dX. 

The same type of arguments as in Case 1 involving the Fourier transform in A show that both of these 
expressions are bounded by C|i|^2 uniformly in > x > y. The only new ingredient in this case is the 
estimate 

sup||[x(A2)e-^l-l/4(|x|,A)]^||^ <oo, 
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which follows from Corollary 15.91 Continuing with (|7.17() . we write 



-oo 
oo 



-oo 
oo 



e'*^ Ax(A2)G2(x, X)B{X)D-\X)Gl{y, X)a3 dX 

At^'-(-+y)^]Xx{X^)[e'^^hi-x, X) 0]B{X)D-\X)[e^y^ h{~y, X) O^a, dX 

O 

e^lt^'-^]e-'^\y\Xx{X^)[e"^M-x,X) 0]B{X)D-\X)[0 e^l^l/adyl, A)] V3 dX 
e*'*''-^^le-^l^lAx(A2)[0 e'^l^l/ad^l, X)]B{X)D-' {X)[e^y^ hi~y, A) Ofa, dX 
e^tx^e-'^iM+\y\)x^(X')[0 e^'l^l/adxl, X)]B{X)D-\X)[0 e^l^l/sdyl, X)Ya, dX. 

i 

We remark that in view of 15.27|l 

XB{X)D{X)-' = ( I- ) W[Fi(.,A),Gi(.,A)]*i?(A)-i 

is a smooth function in A. Hence, the same methods as before prove that each of these integrals are bounded 
by C|f|~2 uniformly in > x > j;. 

Case 3: X > y >0 

This case can be reduced to the previous one. Indeed, using that Fi{x, A) = G2{—x, A), as well as (15.35(1 . 
one obtains 

poo 

e'*^' Ax(A2 )Fi {x, X)D-\X)Gl {y, A)a3 dX 

00 

e''^"Xx{X^)G2{-x, X)D-\X)Fl{~y, X)^^ dX 

00 f 

e''^"Xx{X^)F,{-y, X)D-\X)Gl{~x, A)a3 dX 



— 00 



0-3 



-00 

Since > —y > —x, and since and the transpose do not affect the point-wise estimate of Case 2, we are 
done. □ 

The previous estimate also allows for the introduction of derivatives. We will consider only at most two 
derivatives, although more are possible. 

Corollary 7.2. Let H be admissible. Then 
forO <k<2 andl <p<2. 

Proof. The case fc = is obtained by interpolating between Lemmas 16.111 and 17.11 and holds for the entire 
range 1 < p < 2. We need to require p > 1 only for the derivatives. If a is sufhciently large, then 

is an isomorphism. More generally, 

{n ~ -.LP X LP ^ W^^P X W^^P 

is an isomorphism for I < p < 00. This can be seen from the resolvent identity 

{n - ia)-^ = {Ho - ia)-^[l + ViHo - ia)-^]-\ 

since HV^Hoo < 00 implies that 



\\V{no-^ar'\\p^p<- 



STABLE MANIFOLDS FOR ALL MONIC SUPERCRITICAL NLS IN ONE DIMENSION 65 

if a is large enough, and because 

{Ho - ia)-3 -.LPxLP^ W^^p x W^.p 
for any a 7^ as an isomorphism. Hence, 

||9|e'*«F./||p, < Cm-ia)e^'^f\\p, = y'^{n - ia)f\\,, 

< Ct-^^^-v'>\\{n - ^a)/||p < Ct-^^yv^\\f\\w2..(R). 
This gives the case fc = 2 of the lemma, whereas k = 1 follows by interpolating between A: = and k — 2. □ 

Finally, as in |Sch| one can now derive Strichartz estimates on the evolution e'*^Ps, even with derivatives. 
Corollary 7.3. Let TL be admissible. Then the following Strichartz estimates hold: 
(7.22) PsJWluw-^^) < C\\f\\w^.2 



(7.23) 



f e-'^'-'^^PsF{s)ds 
Jo 



provided {r,p), (a, 6) are admissible, i.e., A < r < oo and 7 + ^ = 5 o.nd the same for {a,b). Here k is an 
integer, < k < 2. 



r ' p ~ 2 



Proof. We first show how to reduce matters to A: = 0. As in the previous proof, we rely on the fact that 
(because of ||l^||oo < 00), 

\\dlfh<Cm-ta)f\\g 

for any 1 < q < 00. Hence, 

\\e^''''Psf\\LUW^^^^) < C|l(?^-*a)e-"^P./|U.(i£) = |le-^*^P.(W - za)/L.(i£) 
<C\\{n-ia)f\\2<C\\f\\w-.2, 

which is (|7.22ll for fc = 2. Similarly, one proves H7.23|l for k = 2. The case A; = 1 is then obtained by 
interpolation between k = 2 and fc = 0. For = we use an argument from [RodSchj . Section 4. Let [S for 
"Strichartz") 

{SF){t,x) = f (e-^(*-^'«nF(s,-))(x)ds. 
Jo 

In this proof it will be understood that all times are > 0. Then by H6.14|l . 

\\SF\\l^(^l2) < C||F||ii(i2), 
and more generally, by the usual fractional integration argument based on Proposition l7.1l 

(7.24) ||5F|U.(^.)<q|F||^,.(^,,^ 

for any admissible pair {r,p). In the unitary case this implies 17.22|l via a TT* argvmrent, but this reasoning 
does not apply here. Instead, we rely on a Kato theory type approach as in |RodSch, . Section 4. Since 
H = Hq + V, Duhamel's formula yields 

(7.25) e-**"P, = e~**"»P, - i [ e-'^'-'^^^'Ve"'"'^ Ps ds. 

Jo 

Set p{x) — (x)^^^ , say, and define 

(7.26) M 
With V = MM^^V, observe firstly that 



P 
p 



-'(*-")"°M5(s) ds 



< 



e'^^«Mgis)ds < CM^^lI), 
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where the last inequaHty is the dual of the smoothing bound 

2 



/•OO 




'o 





ds<cMi 

J 

Here "smoothing" is used in the sense of Kato's theory, see |Kat| and [ReeSimlj . Now one applies the 
Christ-Kiselev lemma, see iCriKis or RodSchI, to conclude that 



Mg{s)ds < C||5||i2(i2) 



for any admissible pair Hence, continuing in (|7.25() . one obtains (using that ||Ps/||2 < C'||/||2) 



l|e-^*^p./LnLS)<^ll/ll2 + 

It remains to show that M~^V is TiPs-smoothing, i.e., 



(7.27) 



<C\\f\\ 



It follows from Lemma [6.81 that the integrand here is the same as 

1 



M-^Ve-'"^Psf = 



2TTi 



|A|>1 



M-W[iH - (A + iO))-^ -{H-{\- dX. 



Hence, applying Planchcrcl in t yields 

\M-We-'''^PJ\\lds 

\\M-'^v[{n - (A + lO))-^ -{n-{x- io))'^]f\\ldx 

\\\>1 

x\\M~W[{n - (A^ + 1 + lO))-^ -{n-{x^ + i- iO))-^]f\\ldx 

■>OQ 

+ 2 / A||Af- V[(H - (-A^ + 1 + lO))-^ -{H- (-A^ + 1 - iQj)-^]f\\l dX. 
Jo 

In view of Lemma 16.71 

\\M-'Ve-''^Psf\\lds 



X-^\M-'V£+{x,X){£l{;X)a3j)\\l,dX + l I X-'\\M-'V£^{x, X){£*_{; X)a,J)\\:, dX. 



By the definition of £ and Lemma 16.31 



Hence, 



\M-W£±{x,X)\\l,<C\X\^{l + \X\)- 



X''\\M-W£+ix, X){£l{;X)a3, f)\\% dX+- X'^ lUl- Vf_(x, X){£1 (•, A)a3, /) \\% dX 



2 7o 

{£l{-,X)a3j)\'dX + C I \{£*_{;X)<j3j)\%dX<C\\f\\l 



1 

< c 



where the final inequality is a Plancherel type property that follows from Lemma 16.31 Hence H7.27|l holds. 
The conclusion is that 

lle-"^^s/||LnL£) <C||/||2 
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for any admissible (r, p), which is H7.22(l . The proof of (|7.23|l is now the usual interpolation argument. Indeed, 
in view of the preceding one has the following bounds on S for any admissible pair (r, p) : 

(7.28) S -.LliLl) ^ mV^) 

(7.29) 5<(i?')-.i[(LS) 

(7.30) S:Ll'{LPj)^Lr{Ll). 

These estimates arise as follows: (|7.29ll is exactly (|7.24f) . whereas (|7.28|l follows from 17.22|l by means of 
Minkowski's inequality. Finally, H7.30|l is dual to the bound 

/>oo 

(7.31) / e^(*-^)«*AG(s)ds <||GLj(i.). 

Here Pc corresponds to H* in the same way that P, does to H. In particular, one has 

||e-'*«*A||i_oo<Ci-5 

and therefore, H7.31|l is derived be the same methods as (|7.28() . It is important to notice that P* = Ps which is 
essential for the duality argument here. This can be seen, for example, by writing the Riesz projections onto 
(generalized) eigenspaces as contour integrals around circles surrounding the eigenvalues. Since the (complex) 
eigenvalues always come in pairs, the adjoints have the desired property. Interpolating between H7.28|l and 
(|7.29|l yields (|7.23|) for the range a' < r' or a> r, whereas interpolating between H7.28|l and (|7.29|) yields H7.23|l 
in the range a < r. □ 

8. Dispersive estimates: The weighted case 

In this section we obtain the decay rate of t~i on e^^'^Pg. The latter will exploit the fact that absence of 
resonances at the thresholds leads to better time-decay, albeit at the cost of a linear weight. This property 
was already used by Buslaev and Perelman ^BusPeT! . However, they worked on and with a loss of a higher 
power X, namely of x^'^^^ . This would not be sufficient for our purposes. For the same estimate in the scalar 
case, see |Sch2| . 

Proposition 8.1. Let Ti he admissible, see Definition \fi.l\ Then for all t ^ 0, 

ll(x)-ie'*«p./||oo<qr^ll(^>/lli 

with some C — C{V). 

Proof. As in the proof of Proposition 17. II we divide the arguments into A large and not large. In the former 
case, the estimates that lead to the unweighted L°° bound apply here almost verbatim up to an 

additional integration by parts, whereas in the latter case we will need to use the Fourier representation from 
Proposition As before, we start from the representation formula 

pit foo 

(e'*"F,(/),i^) = — / e'*^ A(((?i-(A2 + l + zO))-i-(7^-(A2 + l-zO))-i)0,V)dA 

-''^'X{{{n - (-A2 - 1 + iO))-^ -(H- (-A2 - 1 - zO))-i)0, V) dX, 



e 







which holds in the principal value sense if (j),ip g S. With the same x a-s in the proof of Proposition 17. II we 
arrive at 

\{e''^{l-x{H-I))PU,i')\ 

< Cj2\t\-^ / e'*^' -|(1 - x{X')Mno (A^ + 1 + zO))-i(y(Ho - (A2 + 1 + zO))^i)>, ^) 
- {{Ho - (A2 + 1 - zO))-i(y(Ho - (A2 + 1 - zO))-i)'>, V)] } 
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If the A-derivative falls on 1 — x(-^^)i then the exact same arguments apply which we used in the unweighted 
case. If the derivative falls on the resolvents, then weights \xj — Xj-i \ appear. However, these are bounded 
by \xj \ + \xj-i \ and can therefore be absorbed either by V or the test functions 0, V'- The conclusion is that 



and therefore also 



(e^*«(l - x{H - /))P+0, < C\t\-^\\{x)M{x) 



{e^*^il-x{-H + I))P-^,^) <C\t\-^\\{x)m{^) 



as desired. Cf. the treatment of (|7.3() - H7.5|I for details. 
Next, we use Proposition 16 . 91 to write 



2tt 



x(A2)(0,a3e+(.,A))(e+(-,A),V) d\ 



OO 

-it poo 

{e^^^xi-H + I)P-<j>,^) = — J e**^ x(A')('/',fT3e-(.,A))(e_(.,A),V')dA. 



It suffices to estimate the first integral. Integrating by parts in A yields 



(8.1) 



1 

nit 



x{X')Mcb, as Fi X)D-\X)e) {F, X)D-\X)e, t^) 



dX 



mt 



x(A2)A(0, as G2i;~X)D-\X)e){G2{; -X)D-\X)e, ^j) 



dX. 



By symmetry, it will suffice to treat the integral (|8.1|l involving Fi{-, A). We distinguish three cases, depending 
on where the derivative 9a falls. We start with the integral 



(8.2) 



e''^'w{X) (0, aa i^i (• , A)i^-^ (A)e) (Fi (• , A)7^-^ (A)e, ^j) dX, 



where we have set uj{X) — d\[x{X^)X]. By the preceding, u; is a smooth function with compact support in 
[0,cxd). As usual, we will estimate H8.2(l by means of a Fourier transform in A. Since we are working on a 
half-line, this will actually be a cosine transform. Let (D be another cut-off function satisfying louj = w. Then 



e'*^ a>(A)(0, as Fi(., X)D-\X)e){F^{-, X)D-\X)e, ^) dX 
(8.3) < C\t\-H [iu{(p,asF,{-,X)D-\X)e)YU [Cj{F,{- ,X)D-\X)e,^)Y h- 

It remains to show that 

poo 

[Lo{<l),asF^{-,X)D-\X)e)Y {u) := / cos{uX)uj{X){(t>, as Fi{; X)D~\X)e) dX 

Jo 

satisfies 

/OO 
[uj{cf,,asFi{-,X)D-\X)e)Y{u) du < C\\{x)cl>\\i. 
-OO 

The second L^-norm in H8.3|l is treated the same way. This means that we need to prove that 



(8.4) 



[luFi{x, X)D-\X)eYiu) du < C{x) 
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for all a; €: M. We will consider the cases a; > and x < separately. In the former case, 
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(8.5) 
(8.6) 
(8.7) 



[ujFi{x,-)D-\X)e]''{u) -.^ / cos{uX)uj{X)Fi{x,X)D-^{X)edX 

Jq 

e'(=^+")^w(A)e-"^/i(.T, A)(e, D-\X)e) dX 

/o 

1 f°° 

- e^(--")^c.(A)e-^- [x, A) (e, D-'iX)e) dX 
cos(wA)w(A)e-''^ 6^^/3(0;, A)(e', D-\X)e) dX, 

lo 



where e' = (°). We integrate by parts in H8.5|l - (|8.7|l : 



(|H31) + (ESI) 

1 



2i{x + u) 
1 

2i{x + u) Jq 

21{X - U) Jq 



LuiO)fi{x,0){e,D-\0)e)- 



1 



2i{x — u) 
'^iX)e-^^^hix,X){e,D-\X)e) 



u{X)e-'^^h{x,X){eD-'{X)e) 



cjiO)hix,0){e,D-'iO)e) 
dX 
dX, 



whereas 



Since 
(8.9) 

as well as 
(8.10) 



cos(uA)w(A)e-'^^e^^/3(x, A)(e', D-^{X)e) dX 



-u ^ I am{Xu)dx tj(A)e-''^e^^/3(x, A)(e', i:'-i(A)e) dX. 
'0 



sup |9i[c^(A)e-"Vi(^,A)]| < C{V), sup \diHX)e^'^h{x, X)]\ < C(y), 



2;>0. A 



a:>0, A 



sup|a{[w(A)e-''^]| < C 



x>0 



for J > 0, it follows via another integration by parts that 



\[L^F,{x,-)D-\X)e]''iu)\<C- 



+ C{u + x)'^ + C{u - x)-^ + Cu 



We will use this bound if | |u| — |a;| | > and |m| > 1. On the other hand, if | \u\ — |a;| | < or \u\ < 1, then 
we simply estimate 



The conclusion is that 
(8.11) 



\[uF,{x,-)D-\X)e]''{u)\<C. 



\[uj{X)Fi{x,X)D-^{X)e]''{u)\du < C{x) 



for all a; > 0. 
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If x < 0, then recall that 

2iXFi{x,X)D-\X)e 

= 2i\Gi{x, X)A{X)D-\X)e + 2iXG2(x, X)B{X)D-\X)e 

= Gi (x, A) J _%^e + G2{x, \)e{2iXpB{\)D-\X)e, e) 

+ G2{x,X)e'{2iXqB{X)D-\X)e,e!) 
(8.12) = ,f2{-x,X) +r{X)h{-x,X) + M-x,X){2tXqB{X)D-\X)e,e!) 

= M-x, - A) - A) + (r(A) + l)h{-x, A) + M-x, X){2tXqB{X)D-^{X)e,e!), 

where r(A) is as in Lemma 16.31 Thus, 
Fi{x,X)D-\X)e 

= 2iXGiix, X)A{X)D-\X)e + 2iXG2ix, X)B{X)D-\X)e 

= (2zA)-i[/i(-x,-A) - h{-x,X)] + 'i^^-±lf,{-x,X) + M-x,X){qB{X)D-\X)e,e'). 

By Corollary 15.151 and Lemma [5.21 {qB{X)D'~^ {X)e, e') is smooth in A. Returning to the cosine transform 
(where x = —y with y > 0) we conclude that 



cos(uA)w(A)Fi(-y,A)i:'-i(A)edA 
.13) =/ cos{XuMX){2tX)-^[h{y,-X)^ h{y,X)]dX 



(8.14) + r cos{Xu)e'y^Lj{X)^^^^e-'y^h{y,X)dX 

./n 2lA 



(8.15) + / cos{Xu)e-^>'y(qB{X)D-\X)e,e!)ef'yf3iy,X)dX. 

Jo 

The easiest term to deal with is (|8.15ll . Indeed, integrating by parts in A twice shows that 

/•OO 

(8.16) sup / cos{Xu)e'^'y{qB{X)D''^{X)e,e')e''yf3{y,X)dX <C{l + \u\)-^, 

y>0 Jo 



see (|5^ and Next, consider By Lemma lO r(0) = -1 and r(A) is smooth. Hence, Iii!i±i is 

also a smooth function. Set lui{X) ~ cj(A) , Then 

/•OO 

||HI1= / cos(uA)e'«^Wi(A)e-*^^/i(?/,A)dA. 
Jo 

By the same arguments that lead from 1)8. 8|) to H8.11|l we obtain the bound 

/>oo />oo 

(8.17) / / cos{uX)e'y^uJi{X)e~'y^fi{y,X)dX du<C{y) 



uniformly in y > 0. Turning to (|8.13|l . we see that is the same as (with 82 being the partial derivative with 
respect to the second variable of /i and ignoring constants) 

,.1 

cos(uA)cl'(A)92/i(2;; Act) dXda 

/I poo 
J cos{uX)e'^'"'oj{X)d2 [e''^'"' fi {x, Act)] dAdCT 

(8.19) +ix / cos(uA)e^^^'^w(A)e-^^^''/i(a;,ACT)(iAdCT. 
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We will focus on the second integral H8.19|l . since the first one (jS.lSII is similar. We will integrate by parts in 
A, but only on the set \ax ± u| > 1. Then 

r-l 



(8.20) 



.21) 



I 2{ax + u) 

_l 2{(TX + u) Jq 

1 



^(0)/i(a:;, 0) X[\ax±u\>i] da + 



I 2{ax — u) 



i^{0)fi{x, 0) X[|ct2;±„|>i] da 



c.(A)e-"^^/i(x,A) 



uj{\)e-'-^''h{x,\) 



dX 



dX 



X[|<Ta:±«|>l] 



X[|c7i:±ti|>l] 



_i 2{ax — u) Jq 

The first two integrals here (which are due to the boundary A = 0) contribute 



da 



da. 



2{ax + u) 



uj{0)fi{x, 0) X[\ax±u\>i] da + 



I 2{—ax — u 



■^iO)fi{x, 0) X[\<7x±u\>i] da = 0, 



where we performed a change of variables a i— > —a in the second one. Integrating by parts one more time in 
H8.2U|I and (|8.21l) with respect to A imphes 

du 



< C 



cos(wA)e^^^^a;(A)e-*^^Vi(a;, Xa) dAx[|..±„|>i] da 

/OO r\ 11 ^OO (.1 



X{\ax±u\>i\ dadu < C|x|. 



{ax — uy ' 

Finally, the cases \ax + u| < 1 and \ax — u| < 1 each contribute at most C\x\ to the u-integral. Hence 

cos(MA)e'^"^'"w(A)e^*^^'"/i(a;, Act) dXda du < C\x\. 
Since H8.18|l can be treated the same way (in fact, the bound is 0(1)), we obtain 



cos(MA)tj(A)92/2(2;, Act) dXda du < C{x). 

1 Jo 

Combining this bound with (|8.1()|) . H8.17|l . and l|8.11|) . wc conclude that 

\\[uj{X)Fi{x,X)D-^{X)e]''\\^ < C{x) V x E R, 

which in turn implies that 

/■OO 

(8.22) / e**^'c.(A)(0,CT3i^i(-,A)I?-i(A)e)(Fi(.,A)I?-i(A)e,V)dA < C |r ^ll(.^>0lli||(2/)V^lli- 

Jo 

This is the desired estimate on (|8.1|l . but only for the case when d\ falls on the factors not involving 
F,{;X)D-\X)e. 

We now consider the case when d\ falls on Fi{x, X)D~^ {X)e. Hence, we need to estimate 
e**^' X(A') A(0, CT3 5a [Fi (• , X)D-\X)]e) (Fi{; X)D-\X)e, i/;) dX 

e'*^'x(A2)(0, CT3 9a[A^^i(-, X)D-\X)]e){Fi{-,X)D-\X)e, ^) dX 



(8.23) 



x(A2)(0, CT3 F,i; X)D-\X)e) {Fi{;X)D-\X)e, ib) dX. 



The final integral we have just estimated. Hence H8.23|l is the main issue. By the same reductions as before, 
it will satisfy the desired bounds provided 

\\[u;i{X)dx[XFi(x,X)D-\X)e]]''\\^ < C{x) 
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where wi is a smooth cut-off. Now 

(8.24) =ix I cos(MA)e"^u;i(A)Ae~"^/i(a;,A)(e,L»-i(A)e)dA 

(8.25) 
(8.26) 
(8.27) 

We again need to distinguish a; > from x < 0. We start with tlic former case. Integrating by parts in H8.24|l 
leads to 



+ / cos{uX)e"^uJi{X)d),[Xe-"^fi{x,X){e,D-\\)e)]dX 

cos{uX)x^i'{X) wi(A)e-^^Ae^^/3(x, A)(e', D-\X)e) dX 

J 

cos(wA)wi {X)e-''^'dx [Xe''^'f3{x, A) (e', D~\X)e)] dX. 



ix / cos(wA)e*^V(A)Ae-*^^/i(x,A)(e,D-i(A)e)dA 



(8.28) 
(8.29) 



2i{x + u) Jq 
ix f 
2i{x - u) Jq 



LUiiX)Xe-'^^h{x,X){e,D-\X)e) 
u;i{X)Xe-'^^h{x,X){e,D'\X)e) 



dX 
dX. 



It is important that boundary terms do not appear here (due to the A). On the other hand, boundary terms 
do arise upon integrating H8.25|l by parts. More precisely, for the case of (|8.25|l we obtain 



(8.30) 
(8.31) 
(8.32) 
(8.33) 



cos(uA)e"^wi {X)dx [Ae^^^/i {x, A) (e, D-\X)e)] dX 
1 



iv, iO)dx [Ae-" Vi (x, A) (e, D-\X)e)] 



2i{x + u) 

^ Lu, {0)dx [Ae-" Vi {x, A) (e, D-\X)e)] 



A=0 



2i{x — u) 
1 



A=0 



2i{x + u) Jq 
1 



Lu, {X)dx [Xe'^^h (x, A) (e, D-\X}e)] 
Lj,{X)dx[Xe-"^h{x, A)(e, D-\X)e)] 



dX 
dX. 



2i{x — u) Jq 

Integrating by parts one more time in (|8.28() and H8.29|l implies 

/>oo 

ix / cos(uA)e"^u;i(A)Ae""^/i(2:,A)dA 
Jo 

< C\x\{l + \x- u|)-2 + C\x\{l + \x + u|)-2 

uniformly in x > 0, whereas (|8.30|) ~ (|8.33|l are treated the same way as (|8.8ll . Consequently, H8.24|l and H8.25|l 
each have L^{du) norm < C{x) provided x > 0. Integrating (|8.26() and (|8.27() in A twice yields 

HHSSH + < c(i + m2)-i 

uniformly in x > since for £ = 0, 1, 2 

[xAi'(A) c^i (A)e--'' Ae^^/3(x, A) (e', (A)e) 

di [x^i' (A) c^i (A)e--'^ Ae-'^/s (x. A) (e', D-\X)e) 



sup 

x>0 



sup 

x>0 



< c 

< c. 



Hence, 



and H8.27|l each have L^{du) norm < C provided x > 0. 
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To deal with a; < 0, we use H8.12II : 

2tXFi {x, X)D-\X)e = ^(-a;, A) + r(A)/i {^x, A) + /3(-.t, X){2t\qB{X)D-' (A)e, e') . 
This impUcs that 

2* [oj, {X)dx [XF, {x, X)D-'{X)e] 1 {u) 



oo 





oo 



cos(Au)a;i(A)9A/2(— a;, A) dA + / cos{Xu)uji{X)d\[r{X)fi{—x,X)]dX 

Jo 

cos{Xu)uJi{X)dx[f3{-x,X){2iXqB{X)D-^{X)e,e!)]dX, 
which further simphfies to 

/"OO /"OO 

(8.34) = / cos(Au)e'^^wi(A)aA[e-"-^/2(-x,A)]dA+ / cos(Au)e-"^wi(A)aA[r(A)e"^/i(-a;, A)] dA 

Jo Jo 

poo poo 

(8.35) +ix cos{Xu)e'''^LUi{X)e"^f2{-x,X)dX-ix cos(Au)e^"^tJi(A)r(A)e"^/i(-x, A) dA 

Jo Jo 

poo 

(8.36) + / cos(Au)a;/i'(A)e^^wi(A)e-^^/3(-x,A)(2a9B(A)L>-i(A)e,eV-^ 

Jo 

poo 

(8.37) + / cos(Au)e^^tJi(A)aA[e-^^/3(-a;,A)(2iAgB(A)L'-i(A)e,e')]dA. 



The two integrals in (|8.34|) (which are not preceded by ix) are integrated by parts in the same way as (|8.3(J|I - 
H8.33|l . Their contribution to the L^{du) norm is at most C{x) with a constant uniform in cc < 0. The integrals 
in H8.35|l . which are preceded by ix are also integrated by parts, but we need to check in this case that the 
boundary terms A = cancel each other. However, these boundary terms are 

-^i(0)r(0)/i(-x,0) - -^^c^i(0)r(0)/i(-x,0) 



2{u-x) ' ' ' ' ^ ' 2{u + x) 

-c^i(0)/2(-x,0) - — ^-c^i(0)/2(-X,0) = 0, 



2[u^x) ' " ' ' ' 2{x-u) 

since r(0) = —1 and /i(— x, 0) = /2(— a:, 0). Hence, (|8.35() can be treated as Finally, 

and (|8.37|) are < C(l + u^)"^ uniformly in x < 0, see (|8.26|) . H8.27|l . and we are done. □ 

Interpolating this estimate with the unweighted L^(M) L°°(]R) as well as the I? bound yields the 
following: 

Lemma 8.2. Let Ji he admissible, see Definition \6.1\ Then for all < 9 < 1, all 1 < p < 2, and all t ^ 0, 

\\{x)-'^-^-vh''^PJ\\p, < C\t\-^--+'^^---y^\\{x)'^---V^f\\p. 
Here C is some absolute constant. 

Proof. Interpolating between Propositions 17 . II and 18 . II yields 

||(x)-V*«p,/|U<qr^"'ll(^)Vlli. 

The lemma now follows from a further interpolation with Lemma 16.111 □ 

Just as in the unweighted case, derivatives can be introduced here as well. We restrict ourselves to two 
derivatives, although more are possible. 

Corollary 8.3. Let Ti be admissible, see DeRnition \6.1\ Then for all < 9 < 1, all 1 < p < 2, and all t ^ 0, 

k 

(8.38) ||(x)-''(^-5^)e^*«P,/||^.V(M)<qir*^+'^^'"^^ElK^)'^'"^^^^/IU'(«) 

3=0 
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for all < k < 2. Alternatively, 
(8.39) II (a;)^^*^ 



PsfW 



LP'( 



3=0 



for all < k < 2. Here C is a constant that depends on p. 

Proof. The case fc = is Lemma [8.21 Let a > be large. As in the proof of CoroUarv l7.2l for p' < oo, 

W^-p' (R) 



< C 

< c 



{n - ia){xy^'^ p'^^e'''^Psf 



{x)-'"^p-7h''^P,{n~ia)f 



p' 



[{x) p p^'. 



ny'^Psf 



ny^'^Psf 



p' 



The first term on the right can be controlled in terms of ordinary derivatives, whereas the second only involves 
derivatives of order zero and one. Therefore, this second term can be controlled by means of interpolation. 
Hence, ()8.38|) holds. The second inequality follows from the first by induction in fc. □ 



The linearization of the NLS 
around the ground state 

of -dxx4> + ^ 
(9.1) 



9. The spectrum of the linearized NLS 

«at7/. + 9,,V = -IV'|'"V' 



cj){x) = (ct + 1) cosh " {ax) 
2°"+! = leads to the operator 



H = 



where 



(2(7 



^XX 



1) 



i,2(T 







^XX ~t 







1) cosh '^{(Jx) 



1 - (2cr + l)(cr + 1) cosh"2(cra;) 



Equivalently, TL can be written in the form 



(9.2) 



-d^x + 1 - (d + 1) 



i2a 



dxx-l + {a + 1) 



l2a 



Lemma 9.1. If a > 1, then and i_ have the following properties: they have no eigenvalues in the interval 
(0, 1] and for both and L_ the threshold 1 is not a resonance. 

Proof. A "resonance" of Lip at energy one means one of the following equivalent things: 

• There is a solution f £ L°° \ oi L^f ^ f 

• The Wronskian of the two Jost solutions with energy one are linearly dependent 

• The transmission coefficient at energy one does not vanish 

The lemma can easily be deduced from Fliigge |Fluj ■ for example - see Problem 39 on page 94. It is shown 
there that the Hamiltonian H = — o? eoJif^"^^^-) with A > 1 has a zero-energy resonance (which is the 

same as r(0) ~ for the transmission coefficient T{E)) iff A is an integer. In the case of L_, a ~ a and 

n > 2, then ^ 



A 



i + 1 + 4^- If A = n > 2, then ^ = n{n - 1) > 2, which implies that cr < 1. Moreover, 
it is shown there that the number of negative bound states of H is the largest integer < A. Here A < 2 
iff (T > 1 so that there is exactly one bound state of L_ below energy one iff > 1. For L+, we have 

A = I + ^y^l + 4 (2°"+|^)j^°"+ ll < 3 iff (7 > 1. This implies that has exactly two bound states below energy 
one, as desired. It same way, it can be checked that docs not have a resonance at 1 if cr > 1. □ 
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The main result of this section is the following proposition. 

Proposition 9.2. For anya>2 the operator H on L'^{M) x L'^{R) with domain W'^-'^{W) x W'^^'^{R) satisfies: 

• The spectrum ofTi., denoted by spec(7i), is contained m R U 

• The essential spectrum equals (— oo,— 1] U [l,c»). There are no embedded eigenvalues in the essential 
spectrum. 

• The only real eigenvalue in [—1, 1] is zero. The geometric multiplicity of the zero eigenvalue is two, 
and its algebraic multiplicity equals Jour or six, depending on whether a > 2 or a = 2. 

• If a > 2, then there is a unique pair of imaginary eigenvalues ±i"f, 7 > 0, which are both simple. 

• The edges ±1 are not resonances'^^ . 
In particular, Ti is admissible^"^ for all a > 2. 

Proof. We will rely on the techniques from [BusPerj and jPer2| . The latter paper only deals with the critical 
case (7 = 2, which means that we need to adapt some of Perelman's arguments to the supercritical case a > 2. 

The statement about the essential spectrum follows from Weyl's criterion via the symmetric resolvent 
identity, see |Gri| . It will be convenient to introduce the ground state (f){x,a) (which also depends on a) of 

Then 4'{x,a) — (j){ax,\). Similarly, 

= -dr. + a' - 0'" 

L+ = -dr. + a' - (2(7 + 1)0"" 

Clearly, = 0, L+{da(f)) = -2a(/), and L+{(j)') = 0. Since </) > 0, it follows that L_ > 0. Also, 

ker(X+) — span{(/)'} (by the simplicity of eigenvalues in the one-dimensional case), and has a unique 
negative eigenvalue Eq < 0. If Hf = zf with / = (■^^) g \ {0} and 2; 7^ 0, then L_L+/i — 7? fx and 

thus L-L+y^ L-gi = z^gi where gi — fi (note that /i _L 0). It follows that G M. Moreover, this 
argument can be refined (see page 1137 in [BusPerj ) to show that if z 7^ 0, then the geometric and algebraic 
multiplicities of the eigenvalue z are equal. If Ti. has imaginary eigenvalues, then some z^ < would need to 
be an eigenvalue of y^L^L+y/L-. This implies that 

An :— min {Lj^6, 6) < 0. 

|l/|l2 = l,/J-0' 

If (7 is a minimizer here, then by Lagrange multipliers 

(L+ - Ao)5 = c0, = {g, 0) = c{{L+ - Ao)" V, 0>- 
Since c 7^ (otherwise, 5 > is the ground state of which contradicts g -L (j)) one has h{Xo) = where 

h{X) := ((L+-A)-V,0)- 
But h{X) is strictly increasing which requires 

o<mo) = (l;V,0) = --^(a„<^,</>). 

2a 



Since 



dMl^2{da,(f>,(f>) <0 iff 7>2, 



2 

it follows that spec(7i) C M if cr < 2 (we will see later that this is if and only if). 
As far as the zero eigenvalue is concerned, note that (use (|9.1|) ^ 

K:)--(t>-(:)^m-r«rG:. 

It is clear that this describes ker(7^) and ker(H^) completely. Moreover, it is easy to check that ker(H'^) = 
ker(7i^) if A: > 3 provided cr 7^ 2. Indeed, it is enough to check this for k = 3 and that case is settled by writing 
out the third power of H9.1|l explicitly, see j^Veil page 485. In the critical case a = 2, one has da4> -L 4'- Hence 

see Definition 
^^see Definition l6.1l 
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da4> € Ran(I/_). In fact, direct differentiation shows that L-{x^(f)) = —Aada4>. Finally, since x^(j) _L 0', it 
follows that L+p = x'^cj) for some p. In summary, 

/ \ /-4za9„0\ ^fp\^f 
\x^cl)) \ y' W \-ix^c^, 

for the case cr = 2. This shows that ker(7i^) C ker(7i'^) C ker(7i'') and the codimensions in each case equal 
one. Again, it is easy to check that in this case ker(7i''') — ker(7i'*) for fc > 4. 

Let us now assume that the only real eigenvalue of 7i in [—1, 1] is zero for all fi > 2 (this is false if cr < 2). 
Then by the continuous dependence of the Riesz projection onto the discrete spectrum of 7i on the power a, it 
follows that the rank of this projection is constant equal to six. Hence, if ct > 2, then there are two imaginary 
eigenvalues counted with multiplicity. By the commutation properties relative to the Pauli matrices (|5.2() . it 
follows that this has to be a pair 7 > of simple eigenvalues. 
It remains to show the following three properties: 

i) The only real eigenvalue in [—1, 1] is zero. 

ii) The edges ±1 are not resonances. 

iii) There are no embedded eigenvalues in the essential spectrum. 

Perelman proved these statements for cr = 2, cf. Sections 2.1.2 and 2.1.3 of jPer2| . Hence, it will suffice 
to consider the case cr > 2 which can be dealt with by adapting Perelman's arguments. We will rely on 
Lemma I9. II for that purpose. 

Suppose i) fails. Then 7i(a)^ has an eigenvalue E e (0, a'']. For simplicity and without loss of generality, 
let us choose a = 1. Then there is ^ G L^(M), ^ 7^ 0, such that 

L^L+il; = Ell) 

with < -E < 1. Clearly, -L and ij) G by elliptic regularity. Define A :— PL+P where P is the 

projection orthogonal to ip. Since (</>, da(f>) ^ 0, we conclude that 

ker(yl) ~ span{0', (f>}. 

Moreover, let i?o < be the unique negative eigenvalue of L+. Then consider (as before) the function 

h{X) :=((i+-A)-V,0> 

which is differentiable on the interval {Eq, 1) due to the orthogonality of to the kernel of Moreover, 

h'{X) = {{L+ - A)-20, 0) > 0, h{0) = -i(0, da,4>) > 0. 

The final inequality here is due to the supercritical nature of our problem. Since also h{X) — *■ — 00 as A — *■ i?o, 
it follows that h{\i) = for some £^0 < ^1 < 0. Moreover, this is the only zero of h{X) with E'o < A < 1. If 
we set 

fj:= (L+-Ai)-V, 

then 

Ar] = Air), (r), (j>) = 0. 

Conversely, if 

Af = Xf 

for some £^0 < A < 1, A 7^ 0, and / e £^(M), then f ± (f> and 

{PL+P-X),f = iA-X)f = 0. 

Since also 

EoifJ) < {L+fJ)=X{fJ) 
it follows that X > Eq. H X = Eq, then / would necessarily have to be the ground state of and thus of 
definite sign. But then {/,(/)) ^ 0, which is impossible. Hence Eq < X < 1. But then h{X) = implies that 
A = Ai is unique. In summary, A has eigenvalues Ai and in (—00, 1), with Ai being a simple eigenvalue and 
being of multiplicity two. Now define 

T := span{ip, fj, 0', <j)}. 
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We claim that 

(9.3) dim{T) = 4. 

Since (j) is perpendicular to the other functions, it suffices to show that 

Ci?A + C2fl + C30' = 

can only be the trivial linear combination. Apply Then 

cii+?A + C2L+f} = 

and therefore 

Cl(i+'0,?A) +C2(i+T),V') =0 

ci fj) + C2 [L+f], fj) = 0. 

This is the same as 

ci£;(LlV» +C2Ai(ry,i/;) =0 
ciAi(V',?7) +C2Ai(ry,r)) = 0. 

The determinant of this system is 

Hence Ci = C2 = and therefore also C3 = 0, as desired. Thus, H9.3|l holds. Finally, we claim that 

(9.4) sup {AfJ)<l. 

Il/l|2=i,/e^ 

If this is true, then by the min-max principle and H9.3|l we would obtain that the number of eigenvalues of A 
in the interval (— cxd, 1) (counted with multiplicity) would have to be at least four. On the other, we showed 
before that this number is exactly three, leading to a contradiction. Hence, we need to verify (|9.4() . Since 
(PLZ^Pf,f) < (f,f) for all / 7^ 0, and since E' < 1 by assumption, this in turn follows from the stronger 
claim that 

(9.5) {AfJ)<E{PLZ'Pf,f) 

for all f — aip + bcf) + c(f)' + dfj. Clearly, we can take b — 0. Then the left-hand side of H9.5|l is equal to 
{L+iaijj), aip + c(j)' + dfj) + {L+{c(j)' + dif), aifj + ap' + df]) 
= E{LZ^{a^p), ai) + c0' + df\) + E{c(^ + df], LZ^{ai>)) + {L+{dfi),dfi) 

(9.6) = E{LZ\a^P), at/j + c<\J + dfj) + El^c<^ + dry, LZ^{ai))) + Ai||(i77||2, 
whereas the right-hand side of (|9.5|) is 

(9.7) = E{LZ\aiJj),aip + ccj) + dff) + E{c(j)' + dfj, LZ\aip)) + E{LZ\c(j)' + dfj), ccj) + df]). 
Since 

M\\df]\\l < 0, E{LZ^{c<j)' + df]),ccj)' + df]) > 0, 
we see that H9.7|l does indeed dominate (|9.6fl . and l|9.5|l follows. 

Next, we turn to the resonances. Suppose Hf = f where / € L°° \ i^(R). By Lemma 15.191 / = 
C±{°) + 0(e=FT^) a.s X ^ ±00 where C+ ^ and C_ 7^ 0. Hence there exists ip e L°° \ L'^ (the first 
component of /) so that ip = C± + 0{e^'^^) as a; — > ±00 and such that L-L+ip — ip. This asymptotic 
expansion can also be differentiated. Pick a smooth cut-off x ^ which is constant = 1 around zero, and 
compactly supported. Define for any < e < 1 

r:=4'Xie-)+].ie)^, ^.(e) -IMfMI . 

Clearly, {ip^ , cj)) — and |/i(e)| — o(l) as £ ^ (in fact, like e^'^^^). It follows that 

||V/||^ = Mo(e) + o(l), Mo(e) := / \^ix)\^xiexf dx 
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with Mo(e) ^ oo as e ^ 0. We now claim that 

(9.8) (L+V/, r) - IIV/II2 + - ^) + 

as £ — > 0. From the asymptotic behavior of ip it is clear that Mi :— ((£+ — l)ijj,ip) is a finite expression. 
Write L_ — ~d1 + 1 + Vi and L+ — —d^ + I + V2, with Schwartz functions Vi, V2 (they are of course explicitly 
given in terms of 0, but we are not going to use that now). We start from the evident expression 

By the rapid decay of V2 , 

{i-dl + V2W,^P') = I \d^'{x)\''dx+ I V2{x)\lP{x)\''dx + 0(\). 
JR JR 

Since G L^, we calculate further that 

2 

dx 



\dip%x)\^ dx = / i/;' {x)x{ex) + eilj{x)x' (ex) 
Jr 

= / |V/(x)pdx+ / \i^'{x)\^{x{exr-l)dx 
Jr Jr 

+ 2e ij{x)x{ex)'ip'{x) ■ x'{£x)dx + e"^ / ij{x)'^\x' iex)\'^ dx 
Jr Jr 

= [ \^'{x)\^dx + o{l). 



To pass to the last line, use the asymptotics of -0 and tp'. By these asymptotics, / := (L+ — is rapidly 
decaying. Hence, ((i+ — 1)V-'. tjj) = (/, V") is well-defined as a usual scalar product. Moreover, one has 

L-f = -{L- - 1)0 or = -(L_ - l)-iL_/ = -/ - {L^ - ly^f. 

We conclude that 

(9.9) (/ + 0,/) = -((L--l)-V,/) <0, 

where the final inequality follows from L_ > 1 on {0}^, as well from the property that has neither an 
eigenvalue nor a resonance at the threshold = 1. The inequality H9.9|) will play a crucial role in estimating 
a quadratic form as in the previous paragraph dealing with the absence of eigenvalues. To see this, let 

Te := span{0^,0',ry, 0}. 

As before, one shows that dimJF^ ~ 4, as least if e > is sufficiently small (use that {L+ip^ ^ 00 as 
£ 0). It remains to show that for small £ > 

(9.10) max ^^^+^/'^U l 

(/,/) 

where P is the projection orthogonal to (p. If so, then this would imply that A = PL+P has at least four 
eigenvalues (with multiplicity) in (—00, 1). However, we have shown above that there are exactly three such 
eigenvalues. To prove (|9.10() . it suffices to consider the case f -L (j>- Compute 

{L+{aip^ + c(j)' + dfi),a'ilj'' + c(j)' + dfj) 

Waip'^ + ccj)' + dfjW^ 
_ |ap(||0"||i + Ml + 0(1)) + 2jRAi(a0% d7y) + \i\\dfi\\l 
|a|2||V;^|j2 + 23?(a0^ c0' + df]) + ||c0' + dfjWl 
|xip(l + S'^Mi + o{5'^)) + 25\i^{xi^',xse2) + Aila^sP 
x(X^ l^iP + 25^{xi%p^ ,X2ei +3:362) + 11x261 +X3e2\\l 

where we have set 5^ := 110'^ II 2^^ a-^d 

||ry||2- 



< max 
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Note that fj is an even function, since it is given by (L+ — Xi)^^(j> and both (j> and the kernel of (L+ — 1)^^ 
are even. Hence ei _L 62. Set 

^■.^{r,e,) for l<j<2. 

Then 6^ 6° := {tp, ej) as e — > by the exponential decay of the ej. Let B^,C^ (which depend on e) be 3 x 3 
Hermitian matrices so that 

Cf, := 1 + + o{5^), Ci^3 = Cfi Ai(56^, Cfg := Ai 

and Cfj = else, 

Bl^ = B|i := 6b'^_^ for 2 < j < 3 
and Bfj — else. In view of the preceding, 

(PL+PfJ) {Cx,x) 
max , „ „ < max ■ 



(/,/) xec'^ {{I + B)x,x)' 

Clearly, the right-hand side equals the largest eigenvalue of the Hermitian matrix 

(/ + B^)-iC'{I + = c- liBC + CB) + 1(52(7 + CS^) + -BCB + 0{S^), 

2 8 4 

where we have dropped the e in the notation on the right-hand side. With some patience one can check that 
the right-hand side equals the matrix D which is given by (dropping e from the notation) 



I + SHI2 |(Ai-l)62 

-l&i ^bl f(i_iAi)M2 

f(Ai-l)62 ^(l~iAi)6i62 Ai + f(l-Ai)&i 

3 \ l2 I 3/1,2 I l2 



where M2 :— Mi — jXibj + |(6f + H)- When i5 = 0, this matrix has simple eigenvalues 1, 0, Ai < 0. When 
6^0 but very small, the largest eigenvalue will be close to one, of the form 1 + x with x small. We need to 
see that a; < 0. Collecting powers of x in dct(Z3 — (1 + x)I) we arrive at the condition 

(1 - \i)x = 5^Mi{l - Ai) + bill - Ai) + blil - Ai)2] + o{S^) 

= S'[Ah{l - Ai) + (6?)2(1 - AO + (60)2(1 - Ai)'] + o{S'). 



We have 

On the other hand, 
and thus, 



5? = (V,ei) = -((L+ - l)^,ei) = -(/,ei). 
fe" = (^,62) = -(/,e2) + (^,i+e2) = -(/,e2) + Ai6^ 



60 = -(l-Ai)-i(/,e2). 
Since Ai < in the supercritical case, we obtain that 

2 

(1 - Ai).; < (1 - Xi)S'[Ah + J2{f, e,r] + o{S') < (1 - Ai)^^^^,^^ ^ ^ ^(^2) 

= (1 - Ai)<52(/ + o{6^) = -(1 - Ai),52((L_ - !)-!/, /> + o{5^) 

which yields that x <Q ior 5 small. But e > small implies that 5 is small and we are done. 

Finally, we turn to the remaining issue of embedded eigenvalues in the essential spectrum. We will be 
somewhat brief, and refer the reader to Subsection 2.1.3 of |Per2| . Suppose that 

(9.11) nf = Ef with E>1. 

Then the substitution z = tanh((Tx) and v{z) ~ fix) transforms this into the following system of differential 
equations with meromorphic coefficients: 

/ 2 2z ^ 1 i<J + lf a + l E 

\ ^'^ l~z^ a^{l-z^f) a2(l-z2)" a(l-z2)'^i^- ^2(l_^2)2'^3^- 
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We remind the reader that > 2 is a scalar, whereas CTi = ( ^ " ) , (T3 = ( " "1 ) ^.re Pauh matrices. 









f I ' 










,0-1 


j are 



The singularities are exactly z± = ±1 and = 00. In fact, these are regular singular points, see |Har| 
page 70. As in |Pct2] one observes that in the vicinity of z± one can find a basis of solutions of the form 

{z- Zj)^eji{z), {z- Zj)-^ej2{z), {z - Zj)^ Cjaiz), 

as well as 

(z-^,)-^e,4(z) if f 
\og{z- Zj){z- Zj)^ej3{z) + {z- Zj)-^ej4z) if f G Z 
where eji, 1 < < 4, j = ±, are analytic and non- vanishing functions in some disk centered at zj, and with 
E = 1 + A^, and fj, — + 2, as before. Since E is an eigenvalue, we conclude that there would have to be a 
non-vanishing solution of the form 

il-z^)^v 

with an entire function v. The remainder of the argument is identical with |Per2| . and we skip it. □ 

We now present a simple continuity statement. 

Corollary 9.3. Let 7i(a)/*(a) — ±ijf^{a) where ||/*(a)|| = 1. We can choose the to be J- 

invariant, i.e., Jf^{a) — f^{a). Since ||/*(a)||2 = 1, they are therefore unique up to a sign. Choose this 
sign consistently, i.e., so that f^{a) varies continuously with a. In that case there is the bound 

(9.12) |7(ai) - 7(02)1 + ||/*(ai) - /*(a2)||2 < C{ai)\ai - aaj 

for all Qfi, Q!2 > which are sufficiently close. Let P^^{oi) denote the Riesz projection onto [a), respectively. 
Then one has, relative to the operator norm on L^ x L^ , 

(9.13) mti^i) - PL{c^2)\\ < C(ai)|ai - a^l 

for all ai,a2 as above. Moreover, the Riesz projections admit the explicit representation 

(9.14) i^±(a)=/±(a)(.,/±(a)), 
where Ti,{a)* f^ (a) ~ =pi7/*(a), and ||/*(q:)||2 = 1- 

Proof. By Remark 19.51 ker(7i(a) =F 17) is jZ-invariant. Thus, Jf^{a) = A/* (a) for some A e C. It is easy 
to see that this requires that |Ap — 1. Let e^^^ — A. It follows that J{e^^ f^{a)) — e^^ f^{a), leading to our 
choice of jT-invariant eigenfunction. Using the fact that 

kcr[7i;(a) =F «7(a)] = kcr[(H(a) T il{oi))\ 

one easily obtains (by means of the Riesz projections) that 

\\{H{a) — z)^^\\ <\z ^ i'y{a)\"'^ provided =F 17(0)] < ro(a). 

In conjunction with the resolvent identity, this yields 

|7(q!i) - 7(q!2)| < C{ai)\ai - a2\, 

as well as (|9.13|) . However, the latter clearly implies the remaining bound in (|9.12l) . Finally, by the Riesz 
representation theorem, we necessarily have that H9.14|l holds with some choice of f^{a) £ L^ x L^. Since 
P;^(a)^ = P^{a), one checks that 

P^{arf^{a)^f^{a). 
However, writing down P{^{a) explicitly shows that 



^ii(«)* - (1^ L-n{a) + zi)-^dzX = -^. L-niay + zi)-' 



\ 2TTi / 27ri 

j {-~7i{ay + zl)-^ dz 



d 



z 
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which is equal to the Riesz projection corresponding to the eigenvalue —17 of Ti.{a)* . Here 7 is a small, posi- 
tively oriented, circle around 27. A similar calculation applies to Pj~ (a). Hence 7i(a)*/*(a) — ^i7(a)/*(a), 
as claimed. In view of (|9.14|l . 

l!/^(«)ll2 = ll^+(«)/^(«)l|2<ll/^(«)l|2. 

which implies that ||/*(a)||2 < 1- On the other hand, 

1 = ||/±(a)||2 = ||P+(a)/^(«)||2 < ||/±(a)||2||/±(a)||2 - H/^WIh, 
and we are done. □ 

We conclude with an explicit decomposition of x into the stable and unstable subspaces. 

Lemma 9.4. Let M = ker(7i(a)^) and M* — ker((7Y(Q:)*)^) he the root spaces of 7i andJi* , respeetively, 
whereas f^{ct) and /^(a) are as in the previous lemma. Then there is a direct sum decomposition 

(9.15) L^(R) X L2(R) = A/' + span{/±(a)} + (a/"* + span{/±(a)})^ 

This means that the individual summands are linearly independent, but not necessarily orthogonal. The 
decomposition (I9.15f) is invariant under Ti. The Riesz projection Pg is precisely the projection onto the 
orthogonal complement in (|9.15ll which is induced by the splitting (|9.15ll . 

Proof. This is immediate from the definition of the Riesz projections. First, 

i-Ps ^^^j{zi~n)-^dz 

where 7 is a simple closed curve that encloses the entire discrete spectrum of TL and lies within the resolvent 
set, see (|6.7|) . Then, on the one hand, 

L2(M) X l2(]R) = kcr(P3) + Ran(P^) = kcr(P,) + ker(P;)-L. 

On the other hand, 

ker(P3) = Ran(/ - P^) = A/" + span{/±(a)} 

as well as 

ker(P;) = A"* + span{/±(a)}. 

This last equality uses that P* is the same as the Riesz projection off the discrete spectrum of 7i*, as can be 
seen by taking adjoints of (|6.7|) . □ 

Remark 9.5. By inspection, all root spaces in this section are j/-invariant. This is a general fact. Indeed, one 
checks easily that JH{a)J = —Ti{a). Therefore, if 'H{a)f = iaf with tr G M, it follows that H{a)Jf = —iaJf 

where as usual J — ^ ^ q 1 • Hence 



Jker(7i: - iai) ^ Jker(H - icrl) = kcT{n - ial) 

for any cr e R. A similar argument shows that the root spaces at zero are also j/-invariant. In particular, 
one concludes from this that the Riesz projections Ps , Pmot , Pim preserve the space of j/-invariant functions 
in P^(M) X L^(R). This can also easily be seen directly: Let P be any Riesz projection corresponding to an 
eigenvalue of 7i(a) on iR, i.e.. 



P= (b(zl ^n(a))-^ dz 
2vri P 



'7 

where 7 is a small positively oriented circle centered at that eigenvalue. Since JTL{oi)J = —Tl(a), one concludes 
that 

JPJ= — i J{zI-n{a))-^Jdz^ — l{n{a)+zr)-^dz. 
2m 27^^ P 
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Thus, it F = [p^], then —7 = 7 (in the sense of oriented curves) impHes that 

JFF = l {H{a) + zl)-^ dzTF = i {zl -n{a))-'^ dzJF = PJF, 

soJoP = PoJ,a,s claimed. 
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